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Spacetime and observer space symmetries in the language of Cartan geometry
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Tartu U¨likool, Ravila 14c, 50411 Tartu, Estonia
We introduce a definition of symmetry generating vector fields on manifolds which are
equipped with a first-order reductive Cartan geometry. We apply this definition to a number
of physically motivated examples and show that our newly introduced notion of symmetry
agrees with the usual notions of symmetry of affine, Riemann-Cartan, Riemannian and
Weizenbo¨ck geometries, which are conventionally used as spacetime models. Further, we
discuss the case of Cartan geometries which can be used to model observer space instead of
spacetime. We show which vector fields on an observer space can be interpreted as symmetry
generators of an underlying spacetime manifold, and may hence be called “spatio-temporal”.
We finally apply this construction to Finsler spacetimes and show that symmetry generating
vector fields on a Finsler spacetime are indeed in a one-to-one correspondence with spatio-
temporal vector fields on its observer space.
I. MOTIVATION
In physics one often encounters the situation that a particular geometric object defined on
a manifold is invariant under the action of a Lie group on that manifold. Such a Lie group
action leaving some object invariant is usually called a symmetry of that object. There are various
examples of such objects, such as connections, metrics, tetrads, more general tensor fields or Finsler
length measures. Each of these objects comes with its own definition of invariance under Lie group
actions. The aim of this article is to provide a unified description of symmetries for a number
of these objects. For this purpose we introduce a notion of symmetry for a particular structure
known as Cartan geometry [1, 2]. It has the advantage that many different geometric objects
induce particular subclasses of Cartan geometries. This allows us to describe their symmetries
using a Cartan geometric framework.
One of the most prominent applications of geometry is the theory of gravity. Different theories
of gravity are based on very different geometric objects, such as an affine connection in affine grav-
ity [3–5], a metric and a torsion in Einstein-Cartan gravity [6–14], only a metric in general relativity
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2and related theories [15, 16], or a tetrad in teleparallel gravity [12, 13, 17–19]. These objects have
in common that they are sections of or connections on a fiber bundle over a spacetime manifold.
However, also more general objects are used. An example is the Finsler length function [20, 21],
which is used in Finsler geometric theories of gravity [22–28]. Further, also Cartan geometry itself
has been suggested as the mathematical framework for describing gravity and providing a possible
link between canonical and covariant quantum gravity approaches [29–33]. We will not discuss the
physical content of these theories in this article, but keep our focus on the geometries they employ
in order to model the gravitational interaction.
Knowing how to describe the symmetry of the geometric objects used in a gravity theory allows
to classify solutions of its field equations by their degree of symmetry, as it is done, e.g., in the
case of general relativity [34]. This task can be generalized by performing this classification for
more general geometric objects, of which the aforementioned objects are special cases. While this
may seem simple for geometric objects which are defined on spacetime itself, it is less obvious for
objects such as Finsler length functions, which are defined on a bundle over spacetime. However,
all of these objects can be described in terms of Cartan geometry, which is the reason for choosing
the latter as the central object of the work presented in this article.
In fact, using Cartan geometry it is also possible to describe geometric models in which the
underlying spacetime is not primary part of the description, or an absolute notion of spacetime
which is independent of an observer may not even exist. This notion of a relative spacetime appears
in a class of theories which describe physics on the space of observers, identified with the space
of physical four-velocities, instead of spacetime [32, 33, 35, 36]. Of course, also in this case we
are interested in those symmetries which can be interpreted by an observer as transformations of
(possibly relative) spacetime, and leave notions such as the relation between positions and velocities
invariant. It is another aim of this article to provide a definition of such symmetries, which we call
spacetime preserving, or “spatio-temporal”.
Naturally the question arises why observers should be characterized only by their positions and
four-velocities, and not by higher derivatives of their trajectories, such as their acceleration - in
particular, since accelerated observers are distinguished from non-accelerated observers, e.g., in
general relativity. The main reason why we restrict ourselves to positions and velocities in this
work is because we wish to identify the trajectories of observers with those of test particles. For
a test particle with given mass and gauge charge(s), the trajectory is commonly determined by a
set of equations of motion derived from a Lagrangian. In order to avoid Ostrogradski instabilities,
these should be of second order in their time derivatives [37]. Hence, the acceleration and all higher
3derivatives of the observer’s trajectory are fully determined from the position and velocity by the
equations of motion. However, we remark that the notion of symmetry developed in this article
could in principle be generalized to higher order observer spaces using jet bundles [38, 39].
Of course, notions of symmetry for Cartan geometry already exist. The main difference between
these standard notions of symmetry and the approach detailed in this article can be briefly sum-
marized as follows. First, note that a Cartan geometry on a manifoldM is defined in terms of a Lie
algebra valued one-form A, called the Cartan connection, on the total space P of a principal fiber
bundle π : P →M . Morphisms between Cartan geometries (π : P →M,A) and (π′ : P ′ →M ′, A′)
are conventionally defined as principal bundle morphisms Φ : P → P ′ which preserve the Cartan
connection, A = Φ∗A′ [40], or as generalizations thereof involving a change of the Lie algebra [41].
Symmetries of a Cartan geometry are thus modeled by principal bundle automorphisms, or in-
finitesimally by vector fields on the total space P of a Cartan geometry. Being the generators of
bundle morphisms, these vector fields descend to vector fields on the base manifold M .
The approach we discuss here proceeds in the opposite direction: we define infinitesimal sym-
metries of Cartan geometries in terms of vector fields on the base manifoldM , for which we provide
a lifting prescription to the total space P , obtained from their canonical lift to the general linear
frame bundle GL(M). This approach appears more natural in the context of symmetries of other
spacetime geometries, which are usually modeled by vector fields on spacetime itself, and not on a
bundle over spacetime.
This article is organized as follows. We start with a brief discussion of mathematical prelimi-
naries in section II. These are used for our definition of symmetries of general first-order reductive
Cartan geometries in section III. We then discuss several examples for model Klein geometries. In
particular, we discuss affine Cartan geometry in section IV and orthogonal Cartan geometry in
section V, both of which are used as models for spacetime geometries. From there we move on to
the geometry of general observer spaces, whose symmetries we discuss in section VI. As a particular
example we discuss orthogonal observer space geometry in section VII, which in particular includes
Finsler spacetime geometry. We end with a conclusion in section VIII.
II. PRELIMINARIES
In this section we briefly review the mathematical preliminaries needed for our constructions
during the remainder of this article. In section IIA we discuss the Lie derivative and in particular
explain how it can be applied to affine connections. We then show how vector fields on a manifold
4can be lifted to its tangent bundle and general linear frame bundle in section IIB. We finally
display the definitions of the geometries we will be working with, which are Cartan geometry in
section IIC and Finsler spacetime geometry in section IID.
A. The Lie derivative
Symmetries of spacetimes are conventionally described by the invariance of geometrical objects,
such as the metric or the torsion, under a finite-dimensional subgroup S of the diffeomorphism
group Diff(M) acting on the spacetime manifold M , which carries the structure of a Lie group.
The Lie algebra s = LieS of this symmetry group is then given by a subalgebra of the algebra
Vect(M) of vector fields on M . It is well known that the action of a diffeomorphism generated by
the flow of a vector field ξ on a tensor field W is described by the Lie derivative LξW . However,
it is less common practice to apply the Lie derivative to objects which are not tensor fields on M ,
in particular to affine connections. For this reason we briefly summarize the definition and basic
formulas for the Lie derivative of connections in this section.
Let ϕ : R×M →M be a one-parameter group of diffeomorphisms on M generated by a vector
field ξ ∈ Vect(M). This means that for all t ∈ R, ϕt :M →M is the unique diffeomorphism on M
such that for all x ∈M the tangent vectors to the curve t 7→ ϕt(x) are given by
d
dt
ϕt(x) = ξ(ϕt(x)) (1)
and ϕ0 = idM . We call ϕt the flow of ξ. Note that ϕt ◦ ϕt′ = ϕt+t′ and in particular ϕ−t = ϕ
−1
t .
For a tensor field W of type (m,n), which is a section of the bundle TM⊗m ⊗ T ∗M⊗n, we define
the pullback by ϕt as
ϕ∗tW =W ◦ (ϕ−t∗ ⊗ . . .⊗ ϕ−t∗︸ ︷︷ ︸
m times
⊗ϕt∗ ⊗ . . .⊗ ϕt∗︸ ︷︷ ︸
n times
) (2)
where ϕt∗ : TM → TM denotes the differential of ϕt. Using coordinates (x
a) and writing x′ = ϕt(x)
this yields the familiar relation
(ϕ∗tW )
a1···am
b1···bn(x) =W
c1···cm
d1···dn(x
′)
∂xa1
∂x′c1
. . .
∂xam
∂x′cm
∂x′d1
∂xb1
. . .
∂x′dn
∂xbn
, (3)
which describes the transformation of the components of W under diffeomorphisms. The Lie
derivative is then defined as
(LξW ) =
d
dt
(ϕ∗tW )
∣∣∣∣
t=0
. (4)
5It is easy to see that in coordinates it yields the standard formula
(LξW )
a1···am
b1···bn = ξ
c∂cW
a1···am
b1···bn
− ∂cξ
a1W ca2···am b1···bn − . . .− ∂cξ
amW a1···am−1cb1···bn
+ ∂b1ξ
cW a1···am cb2···bn + . . .+ ∂bnξ
cW a1···amb1···bn−1c .
(5)
Note that LξW is a tensor with the same shape as W .
Given an affine connection ∇ on M we define the pullback ϕ∗t∇ similarly to the tensor case (2)
as
(ϕ∗t∇)XY = ϕ−t∗ ◦ ∇ϕt∗◦X(ϕt∗ ◦ Y ) , (6)
where X,Y are vector fields. From the definition of the connection coefficients1
Γabc = dx
a(∇∂c∂b) (7)
one then directly reads off
(ϕ∗tΓ)
a
bc(x) = Γ
d
ef (x
′)
∂xa
∂x′d
∂x′e
∂xb
∂x′f
∂xc
+
∂xa
∂x′d
∂2x′d
∂xb∂xc
, (8)
which is the familiar formula for the transformation of connection coefficients under a diffeomor-
phism. Formally, we can then define the Lie derivative of the connection as
(Lξ∇) =
d
dt
(ϕ∗t∇)
∣∣∣∣
t=0
, (9)
whose meaning becomes clear by writing out the connection components
(LξΓ)
a
bc = ξ
d∂dΓ
a
bc − ∂dξ
aΓdbc + ∂bξ
dΓadc + ∂cξ
dΓabd + ∂b∂cξ
a
= ∇c∇bξ
a − ξdRabcd −∇c(ξ
dT abd) ,
(10)
where T and R denote the torsion and curvature tensors of ∇, respectively, and we use the sign
conventions
Rabcd = ∂cΓ
a
bd − ∂dΓ
a
bc + Γ
a
ecΓ
e
bd − Γ
a
edΓ
e
bc (11)
and
T abc = Γ
a
cb − Γ
a
bc . (12)
Note that LξΓ is a tensor field, which can immediately be seen from the expression in the second
line in equation (10).
One can also define the Lie derivatives of geometric objects which are defined not on the manifold
itself, but on its tangent or frame bundle. This will be shown in the next section and in section IID.
1 Note that there exist different conventions in the literature regarding the order of the lower two indices. Here we
choose the second lower index to be the “derivative” index.
6B. Complete lifts of vector fields
In this article we wish to express symmetries in terms of vector fields on a manifold M as
summarized in the previous section. However, the objects which should be invariant under the
flow of this vector field will be defined not on M itself, but on the tangent bundle TM or (a
subbundle of) the bundle GL(M) of linear frames of TM , as defined, e.g., in [42]. Since these
bundles are examples of natural bundles, there exists a functorial lift of smooth maps, and thus
in particular (infinitesimal) diffeomorphisms, to smooth bundle morphisms, and thus in particular
(infinitesimal) bundle automorphisms on these bundles [43]. In this section we briefly review how
this fact allows lifting vector fields from the base manifold to the total space of these bundles.
We start with the complete lift of a vector field to the tangent bundle, following the construction
in [44]: Let ϕ : R ×M → M be a one-parameter group of diffeomorphisms on M generated by a
vector field ξ on M as in the preceding section. For each t ∈ R the differential ϕt∗ : TM → TM
of ϕt : M → M is a vector bundle automorphism of TM . One easily checks that the definition
ϕˆt = ϕt∗ yields a one-parameter group ϕˆ of diffeomorphisms on TM . The vector field ξˆ on TM
generating ϕˆ is called the complete lift of ξ.
It is convenient to introduce coordinates on TM as follows. Given coordinates (xa) on M , we
can denote any tangent vector by
ya
∂
∂xa
∣∣∣∣
x
(13)
in the coordinate basis ∂/∂xa of TM . The coordinates (xa, ya) on TM are called induced coordi-
nates and will be used throughout this article. For convenience we further introduce the notation{
∂a =
∂
∂xa
, ∂¯a =
∂
∂ya
}
(14)
for the induced coordinate basis of TTM . Using this notation the complete lift ξˆ of ξ to TM can
be written in the form
ξˆ = ξa∂a + y
b∂bξ
a∂¯a . (15)
We now come to complete lifts of vector fields to the general linear frame bundle GL(M), which
can be defined as
GL(M) =
⋃
x∈M
{linear bijections f : Rn → TxM} , (16)
where n is the dimension of M . A diffeomorphism ϕt on M then defines a diffeomorphism ϕ¯t on
GL(M) as ϕ¯t(f) = ϕt∗ ◦ f . A quick calculation shows that this definition yields a one-parameter
7group ϕ¯ of principal bundle automorphisms of GL(M) which is generated by a vector field ξ¯. We
call ξ¯ the complete lift of ξ to the frame bundle.
On the frame bundle we can introduce coordinates similar to the induced coordinates on the
tangent bundle. Given coordinates (xa) on M , we can denote any linear map f : Rn → TxM by
fai
∂
∂xa
∣∣∣∣
x
, (17)
where the index i refers to the canonical basis of Rn. We also call (xa, fai ) induced coordinates on
GL(M). For the induced coordinate basis of TGL(M) we introduce the notation{
∂a =
∂
∂xa
, ∂¯ia =
∂
∂fai
}
. (18)
In this notation the complete lift ξ¯ of ξ to GL(M) reads
ξ¯ = ξa∂a + f
b
i ∂bξ
a∂¯ia . (19)
Note that we could have obtained this expression also using the following definition: Let θ ∈
Ω1(GL(M),Rn) be the solder (or canonical) form on M [42], which in our coordinates takes the
form θi = f−1iadx
a in the canonical basis of Rn. Then the complete lift ξ¯ is the unique vector field
on GL(M) which projects to ξ on M and leaves the canonical form invariant, Lξ¯θ = 0. One easily
checks that also this definition yields the coordinate expression (19).
We will frequently make use of the expressions for the complete lifts in the remainder of this
article.
C. Cartan geometry
The main geometric structure we use in this article is Cartan geometry as developed in [1];
see [2, 29] for a detailed discussion. The Cartan geometry of a manifoldM is based on a comparison
to the geometry of a suitable model space, which is a homogeneous space (in this context also called
Klein geometry), i.e., the coset space G/H of a Lie group G and a closed subgroup H ⊂ G. For a
given a homogeneous space, a Cartan geometry can be defined as follows:
Definition 1 (Cartan geometry). A Cartan geometry modeled on a Klein geometry G/H is a
principal H-bundle π : P →M together with a g-valued 1-form A ∈ Ω1(P, g) on P, such that
C1. For each p ∈ P, Ap : TpP → g is a linear isomorphism.
C2. A is H-equivariant: (Rh)
∗A = Ad(h−1) ◦ A ∀h ∈ H.
8C3. A(h˜) = h for all h ∈ h, where h˜ denotes the fundamental vector field of h.
In the definition above, the fundamental vector field h˜ ∈ Vect(P) associated to h ∈ h via the
action of the group H on P is the vector field generating a one-parameter group of (vertical) diffeo-
morphisms of P, which corresponds to the action of the one-parameter subgroup of H generated
by h on P [42].
Instead of describing the Cartan geometry in terms of the Cartan connection A, which is equiv-
alent to specifying a linear isomorphism Ap : TpP → g for all p ∈ P due to condition C1, we can
use the inverse maps Ap = A
−1
p : g→ TpP. For each a ∈ g they define a section A(a) of the tangent
bundle TP, which we call an associated vector field:
Definition 2 (Associated vector fields). Let (π : P → M,A) be a Cartan geometry modeled
on G/H. For each a ∈ g the associated vector field A(a) is the unique vector field such that
A(A(a)) = a.
We can therefore equivalently define a Cartan geometry in terms of its associated vector fields,
due to the following proposition:
Proposition 1. Let (π : P →M,A) be a Cartan geometry modeled on G/H and A : g→ Vect(P)
its associated vector fields. Then the properties C1 to C3 of A are respectively equivalent to the
following properties of A:
C1’. For each p ∈ P, Ap : g→ TpP is a linear isomorphism.
C2’. A is H-equivariant: Rh∗ ◦ A = A ◦ Ad(h
−1) ∀h ∈ H.
C3’. A restricts to the fundamental vector fields on h: A(h) = h˜ ∀h ∈ h.
We add a few remarks to the definition of Cartan geometry given above. Recall that for each
x ∈ M the fiber Px over x can be identified with the group H, up to left multiplication with an
arbitrary element of H. Via this identification, the Maurer-Cartan form µ ∈ Ω1(H, h) induces a
one-form µx ∈ Ω
1(Px, h) on each fiber. Condition C3 then states that the restriction of A to each
fiber Px agrees with the induced one-form µx [2]. In a similar fashion, the fundamental vector fields
h˜ for h ∈ h are related to the left invariant vector fields on H via the same identification. Finally,
if there exists a split g = h ⊕ z into (not necessarily irreducible) subrepresentations of the adjoint
representation of H ⊂ G on g, and hence a split A = ω + e of the Cartan connection, one can
identify the associated vector fields A(z) with the standard horizontal vector fields, which lie in the
kernel of the h-valued part ω of the Cartan connection (which is a principal bundle connection) [42].
9Further, for h ∈ h and g ∈ g it follows from condition C2’ that
Lh˜A(g) = A([h, g]) . (20)
Similarly, condition C2 implies that
Lh˜A = −[h,A] . (21)
Note that the last two equations are equivalent to the original conditions C2’ and C2 if and only if
H is connected. We will make use of these formulas when we discuss particular Cartan geometries
in order to restrict the allowed Cartan connections.
In this article we will frequently encounter (infinitesimal generators of) maps between Cartan
geometries. In the context of symmetry we will need a notion of maps which preserve the Cartan
geometry. These maps are defined as follows [40].
Definition 3 (Cartan geometry morphism). A morphism of Cartan geometries between (π : P →
M,A) and (π′ : P ′ → M ′, A′) modeled on G/H is a principal bundle morphism Φ : P → P ′ such
that A = Φ∗A′.
In this article we will deal mostly with automorphisms of Cartan geometries, and one-parameter
groups of automorphisms and their generating vector fields in particular. We will return to this
topic in section III, when we discuss symmetries of Cartan geometries in more detail.
D. Finsler spacetimes
A particularly interesting application for the framework discussed in this article, which goes
beyond the classical description of spacetime geometries in terms on metrics and connections, is
the application to Finsler geometry [21]. Here we will employ the Finsler spacetime framework
developed in [26–28]. Its central definition is that of a Finsler spacetime, which we use as for-
mulated in [35, 36], and which we briefly review here, as it will be crucial for our construction in
section VIIC:
Definition 4 (Finsler spacetime). A Finsler spacetime (M,L,F ) of dimension n is a n-dimensional,
connected, Hausdorff, paracompact, smooth manifold M equipped with continuous real functions
L,F on the tangent bundle TM which has the following properties:
F1. L is smooth on the tangent bundle without the zero section TM \ {0}.
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F2. L is positively homogeneous of real degree r ≥ 2 with respect to the fiber coordinates
of TM ,
L(x, λy) = λrL(x, y) ∀λ > 0 , (22)
and defines the Finsler function F via F (x, y) = |L(x, y)|
1
r .
F3. L is reversible: |L(x,−y)| = |L(x, y)|.
F4. The Hessian
gLab(x, y) =
1
2
∂¯a∂¯bL(x, y) (23)
of L with respect to the fiber coordinates is non-degenerate on TM \ X, where X ⊂ TM
has measure zero and does not contain the null set {(x, y) ∈ TM |L(x, y) = 0}.
F5. The unit timelike condition holds, i.e., for all x ∈M the set
Ωx =
{
y ∈ TxM
∣∣∣∣|L(x, y)| = 1, gLab(x, y) has signature (ǫ,−ǫ, . . . ,−ǫ), ǫ = L(x, y)|L(x, y)|
}
(24)
contains a non-empty closed connected component Sx ⊆ Ωx ⊂ TxM .
In contrast to the standard notion of Euclidean Finsler geometry, which is defined only by the
Finsler function F , this definition uses an auxiliary function L in order to define a suitable null
structure via condition F4 and timelike vectors via condition F5. The main advantage of using this
auxiliary function is the fact that in contrast to F it is differentiable also on the null structure,
and can thus be used to define geometric objects such as null geodesics. In the following we will
show the definitions of a few of these objects and discuss their behavior under diffeomorphisms of
the underlying spacetime manifold.
An important object in Finsler geometry and related geometries on the tangent bundle is the
Cartan non-linear connection [21]
∇X∂b|x = N
a
b(x,X(x))∂a|x (25)
on the manifold M , which is non-linear in the vector X specifying the direction of differentiation.
Its components Nab(x, y) are functions on the tangent bundle TM and can be derived from the
geometry function L as
Nab =
1
4
∂¯b
[
gLac(yd∂d∂¯cL− ∂cL)
]
. (26)
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From the Cartan non-linear connection we can derive the Berwald basis [21]
{δa = ∂a −N
b
a∂¯b, ∂¯a} (27)
of TTM . Its dual basis of T ∗TM is given by
{dxa, δya = dya +Nabdx
b} . (28)
In addition to the non-linear connection on M , there exist a number of linear connections on TM
which are compatible with the Cartan non-linear connection in the sense that they respect the split
of the tangent bundle manifest by the Berwald basis (27) and operate identically on vector fields
ξaδa and ξ
a∂¯a. A connection satisfying these conditions is called N -linear connection and is of the
form
∇δaδb = F
c
baδc , ∇δa ∂¯b = F
c
ba∂¯c , ∇∂¯aδb = C
c
baδc , ∇∂¯a ∂¯b = C
c
ba∂¯c . (29)
The coefficients F cba and C
c
ba are functions on the tangent bundle and are defined differently for
the different types of linear connections; see [20, 21] for a thorough discussion. Here we will in
particular use the Cartan linear connection, whose coefficients are given by
F abc =
1
2
gF ad(δbg
F
cd + δcg
F
bd − δdg
F
bc) , C
a
bc =
1
2
gF ad(∂¯bg
F
cd + ∂¯cg
F
bd − ∂¯dg
F
bc) , (30)
where gFab =
1
2 ∂¯a∂¯bF
2 is the Finsler metric. It has the property that the Finsler metric is covariantly
constant with respect to the Cartan linear connection. This plays an important role for the relation
between Finsler an Cartan geometry, which we use in section VIIB.
We finally discuss the question under which conditions a Finsler spacetime is invariant under a
diffeomorphism of the underlying spacetime manifold. The notion of symmetry we consider her has
been extensively studied in [45]; here we only display the parts which are relevant for our calculation
in section VIIC.2 Recall from section IIB that a one-parameter subgroup ϕ of diffeomorphisms of
M generated by a vector field ξ induces a one-parameter subgroup ϕˆ of diffeomorphisms of TM
generated by a vector field ξˆ, which we call the complete lift of ξ to TM . Under these induced
diffeomorphisms the Finsler geometric objects defined above transform as follows.
• The geometry function L transforms as a scalar on TM ,
(ϕˆ∗tL)(x, y) = L(x
′, y′) . (31)
2 Note that [45] also discusses symmetries of Cartan spaces. However, these are different geometric structures than
the Cartan geometries we reviewed in section IIC.
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Its Lie derivative is thus given by
LξˆL = ξ
a∂aL+ y
b∂bξ
a∂¯aL . (32)
• The Hessian gLab and the Finsler metric g
F
ab transform like tensors on the manifold as
(ϕˆ∗t g
L/F )ab(x, y) = g
L/F
cd (x
′, y′)
∂x′c
∂xa
∂x′d
∂xb
. (33)
Objects with this transformation behavior are called d-tensors. The Lie derivative is given
by
(Lξˆg
L/F )ab = ξ
c∂cg
L/F
ab + y
d∂dξ
c∂¯cg
L/F
ab + ∂aξ
cg
L/F
cb + ∂bξ
cgL/Fac . (34)
• The coefficients Nab of the Cartan non-linear connection transform as
(ϕˆ∗tN)
a
b(x, y) = N
c
d(x
′, y′)
∂xa
∂x′c
∂x′d
∂xb
+ yd
∂2x′c
∂xb∂xd
∂xa
∂x′c
. (35)
From this follows the Lie derivative
(LξˆN)
a
b = ξ
c∂cN
a
b + y
d∂dξ
c∂¯cN
a
b − ∂cξ
aN cb + ∂bξ
cNac + y
c∂b∂cξ
a . (36)
• The coefficients F abc and C
a
bc of any N -linear connection transform as
(ϕˆ∗F )abc(x, y) = F
d
ef (x
′, y′)
∂xa
∂x′d
∂x′e
∂xb
∂x′f
∂xc
+
∂xa
∂x′d
∂2x′d
∂xb∂xc
, (37a)
(ϕˆ∗C)abc(x, y) = C
d
ef (x
′, y′)
∂xa
∂x′d
∂x′e
∂xb
∂x′f
∂xc
, (37b)
so that also Cabc is a d-tensor. Their Lie derivative therefore takes the form
(LξˆF )
a
bc = ξ
d∂dF
a
bc + y
e∂eξ
d∂¯dF
a
bc − ∂dξ
aF dbc + ∂bξ
dF adc + ∂cξ
dF abd + ∂b∂cξ
a , (38a)
(LξˆC)
a
bc = ξ
d∂dC
a
bc + y
e∂eξ
d∂¯dC
a
bc − ∂dξ
aCdbc + ∂bξ
dCadc + ∂cξ
dCabd . (38b)
Note that all objects listed above are derived from the fundamental geometry function L. A lengthy,
but straightforward calculation shows that all of their Lie derivatives vanish for a given vector field
ξ on M if LξˆL = 0. A vector field satisfying this condition is therefore regarded a symmetry of the
Finsler spacetime. We will make use of this property when we discuss the symmetries of Finsler
spacetimes in more detail in section VIIC.
This concludes our brief introduction of the basic mathematical notions we will be working
with. We will continue with a deeper discussion of Cartan geometry as introduced in section IIC,
in particular under the aspect of symmetry.
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III. SYMMETRIES OF FIRST-ORDER REDUCTIVE CARTAN GEOMETRIES
After clarifying the mathematical preliminaries we now come to the discussion of symmetries in
the language of Cartan geometry. While we have given the general definition of a Cartan geometry
in section IIC, we now restrict ourselves to a class of Cartan geometries called first-order reductive.
We provide their definition and discuss a few of their properties in section IIIA. For these we then
construct a notion of symmetry, i.e., invariance under the flow of a vector field, in section IIIB.
A. First order reductive Cartan geometries
In this article we will be dealing with Cartan geometries whose model Klein geometry has
additional properties. Note that for any Klein geometry G/H the adjoint representation of G on
its Lie algebra g yields a representation of H ⊂ G on g, which has the adjoint representation of
H on h ⊂ g as a subrepresentation. The following property of the quotient representation on g/h,
which is a vector space isomorphic to any tangent space of the homogeneous space G/H, will be
crucial for our constructions in this article [2]:
Definition 5 (First-order Cartan geometry). A Cartan geometry with model Klein geometry
G/H is called first-order Cartan geometry if the quotient representation of H on g/h is faithful.
Otherwise, it is called higher-order Cartan geometry.
In this article we consider only first-order Cartan geometries. Following the definition given
in [32], we now consider the associated bundle
T = P ×H g/h , (39)
which is called the fake tangent bundle [29]. Its elements are equivalence classes [p, z] of pairs
(p, z) ∈ P × g/h under the identification
[p, z] = [Rhp,Ad(h
−1)z] , h ∈ H . (40)
For x ∈M , we call a linear map g/h→ Tx an admissible frame of Tx if it is of the form z 7→ [p, z]
for some p ∈ Px. Note that for a first-order Cartan geometry there is a canonical one-to-one
correspondence between elements of P and admissible frames of the fake tangent bundle. For this
reason, we can canonically identify P with this space of admissible frames, which we call the fake
frame bundle, and write p(z) instead of [p, z]. This identification also allows us to write the action
of H on P as Rhp = p ◦ Ad(h), which immediately follows from equation (40).
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Note that there is no canonical relation between the fake tangent bundle T and the tangent
bundle TM . However, there is a distinguished one given by a coframe field, which is a vector
bundle isomorphism from TM to T . We can obtain a coframe field from the Cartan connection,
provided that the following condition holds [2]:
Definition 6 (Reductive Cartan geometry). A Cartan geometry with model Klein geometry G/H
is called reductive if the Lie algebra g allows a decomposition of the form g = h⊕ z into subrepre-
sentations of the adjoint representation of H.
In the remainder of this article we will consider only first-order reductive Cartan geometries.
Observe that we have z ∼= g/h as representations of H, so that we can replace all occurrences of
g/h in the construction of the fake tangent and fake frame bundles above by z.
Making use of the split of g, we see that the Cartan connection A ∈ Ω1(P, g) decomposes in the
form A = ω + e, where ω ∈ Ω1(P, h) and e ∈ Ω1(P, z). From the latter we can obtain a coframe
field ε : TM → T by the following construction. Let x ∈ M and v ∈ TxM . Choose p ∈ Px and
w ∈ TpP such that π∗(w) = v. Finally, define
ε(v) = p(e(w)) . (41)
To see that this definition is independent of the choice of w ∈ TpP, let w
′ ∈ TpP with π∗(w
′) = v.
The difference w − w′ then lies in the kernel of π∗, and is thus of the form h˜(p) for some h ∈ h.
According to property C3 of a Cartan connection, we have A(h˜) = h ∈ h, and thus, e(w − w′) =
0. Further, the definition is also independent of the choice of p ∈ Px, which follows from the
equivariance property C2. Thus, the map ε is well-defined. One easily checks that ε is indeed a
vector bundle isomorphism as a consequence of condition C1.
The coframe field now allows relating the fake frame bundle P and the frame bundle GL(M).
Recall that each element p ∈ Px can be interpreted as an admissible frame, i.e., a map p : z→ Tx.
Compositing this map with the inverse of the coframe field we then obtain a map ε−1 ◦ p : z →
TxM , which we call an admissible frame of TxM . This notion is compatible with our previous
definition (16) of a frame as a linear bijection f : Rn → TxM , since ε
−1 ◦ p is a linear bijection
and z ∼= Rn as vector spaces. The assignment of an admissible frame to each p ∈ P is a map
φ : P → GL(M), which is injective, but in general not surjective. Its image P ⊂ GL(M) is a
subbundle of GL(M) which is isomorphic to P, and hence also a principal H-bundle with the
group action given by Rhf = f ◦ Ad(h). We call P the admissible frame bundle of the Cartan
geometry (π : P → M,A). Making once more use of the map φ, it is equipped with the structure
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of a Cartan geometry (π˜ : P → M, A˜), where π˜ = π ◦ φ−1 is the restriction of the bundle map of
GL(M) to P and A˜ = (φ−1)∗(A).
We conclude our discussion of first-order reductive Cartan geometries with the remark that
the z-valued part e˜ = (φ−1)∗e of the Cartan connection on P has a particular form. Let p ∈ P
and w ∈ TpP, as well as p˜ = φ(p) and w˜ = φ∗(w). By the definition of the pullback we have
e˜(w˜) = e(w). Further, from the fact that φ is a bundle morphism follows that π˜∗(w˜) = π∗(w).
Finally, using the definition (41) of the map ε, we find that
e˜(w˜) = e(w) = p−1(ε(π∗(w))) = (ε
−1 ◦ p)−1(π˜∗(w˜)) = p˜
−1(π˜∗(w˜)) . (42)
The 1-form e˜ defined by the expression on the right hand side is called the solder form, or canonical
form, which we denoted θ at the end of section II B.
B. Definition of symmetries in Cartan language
We finally introduce a notion of invariance of a first-order reductive Cartan geometry (π : P →
M,A) under diffeomorphisms of the underlying manifold M . Recall from section IIB that any
diffeomorphism ϕ : M → M induces a diffeomorphism ϕ¯ : GL(M) → GL(M), and that this
relation yields the notion of the complete lift ξ¯ of a vector field ξ from M to GL(M), where ξ and
ξ¯ are the generators of diffeomorphisms on M and GL(M), respectively. We define:
Definition 7 (Invariant Cartan geometry). A first-order reductive Cartan geometry (π : P →
M,A) is called invariant under the group of diffeomorphisms generated by a vector field ξ on M if
ξ¯ is tangent to the admissible frame bundle P ⊂ GL(M) and the Cartan connection A˜ is invariant
under the flow of ξ¯ restricted to P , Lξ¯A˜ = 0, where P and A˜ are defined as in section IIIA.
Note that we could equally well have used the associated vector fields A˜ = φ∗A in order to define
the invariance of a Cartan geometry. Depending on the particular example it is more convenient
to work with one or the other definition.
As one can see from the definition above, the invariance of the Cartan geometry (π : P →M,A)
under a vector field ξ onM is completely defined in terms of the Cartan geometry (π˜ : P →M, A˜),
which we derived from the original Cartan geometry using the procedure detailed in the preceding
section. Further, if the original Cartan geometry is already defined on a subbundle P = P of the
frame bundle, and the Cartan connection A is chosen such that e is the solder form, we find that
ε and φ are the identity maps on their respective domains and A˜ = A. For this reason, we will
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simplify our notation and drop the tilde in the rest of this article, i.e., we will assume that we start
from a Cartan geometry (π : P → M,A) defined on P ⊂ GL(M) with e being the solder form on
P .
Note that the solder form e is defined on the whole frame bundle as e(w) = p−1(π∗(w)) for
p ∈ GL(M) and w ∈ TpGL(M), and that it is invariant under the frame bundle lift ϕ¯ of any
diffeomorphism ϕ : M → M . To see this, recall from section IIB that ϕ¯ acts on GL(M) via
composition with ϕ∗. We thus have
ϕ¯∗(e)(w) = e(ϕ¯∗(w)) = ϕ¯(p)
−1(π∗(ϕ¯∗(w))) =
[
p−1 ◦ (ϕ∗)
−1 ◦ π∗ ◦ ϕ¯∗
]
(w)
=
[
p−1 ◦ (ϕ−1 ◦ π ◦ ϕ¯)∗
]
(w) = p−1(π∗(w)) = e(w) , (43)
and therefore ϕ¯∗(e) = e. As a consequence, the Lie derivative Lξ¯e vanishes for the complete lift ξ¯
of any vector field ξ on M . In order to check the invariance of a Cartan connection as stated in
the definition above it is thus sufficient to check that ξ¯ is tangent to P and that Lξ¯ω = 0.
We finally remark that there is a close relation between the invariance of Cartan geometries
which we use here and morphisms of Cartan geometries as given in section IIC. If a first-order
reductive Cartan geometry (π : P → M,A) is invariant under a vector field ξ on M , then the
restriction of the frame bundle lift ξ¯ generates a one-parameter group of automorphisms of Cartan
geometries on P . However, the converse is not true: not every one-parameter group of automor-
phisms of Cartan geometries is generated by the frame bundle lift of a vector field on M . In this
work we focus on those symmetries which are generated and completely defined by a vector field
on M , and can thus be interpreted as symmetries of spacetime.
The definition of invariance of first-order reductive Cartan geometries provides us with the
general framework we will be using throughout the remainder of this article. In the following we
will apply this framework to particular examples of Cartan geometries, which correspond to other
structures conventionally used to describe the geometry of spacetime. The first example is affine
geometry, which we discuss in the following section.
IV. AFFINE CARTAN GEOMETRIES
After having discussed the notion of symmetry for a general first-order reductive Cartan geome-
try, we now come to the discussion of Cartan geometries based on particular model Klein geometries
G/H. As we have seen in the previous section, any first-order reductive Cartan geometry gives
rise to a Cartan geometry on a subbundle P of the general linear frame bundle GL(M) of the
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underlying manifold M . The largest possible subbundle P is of course the frame bundle GL(M)
itself. This is the case we study in this section, where G will be an affine group and H will be the
corresponding general linear group. We start with a brief overview of this model Klein geometry
and its relation to affine connections on M in section IVA. We then show in section IVB how
the notion of symmetry we discussed in the preceding section relates to the symmetry of an affine
connection as given in section IIA. The purpose of this section is rather illustrative, as this is the
most simple model geometry we consider in this article. We will discuss more advanced models in
the following sections.
A. The affine model geometry
In this section we discuss Cartan geometries based on the model G/H, where G = Aff(n,R) =
GL(n,R) ⋉ Rn is the general affine group and H = GL(n,R) is the general linear group. We
therefore briefly review the Lie algebra structure of aff(n,R) and gl(n,R). Note that this model
is reductive, as required for the construction in the previous section, so that aff(n,R) splits into a
direct sum aff(n,R) = gl(n,R) ⊕ Rn. We can thus uniquely write every element a ∈ aff(n,R) in
the form
a = h+ z = hijHi
j + ziZi , (44)
where Hi
j is the matrix with entries 1 in the ith row and jth column and 0 otherwise, and Zi is
the canonical basis of Rn. The Lie bracket of aff(n,R) then follows from the Lie brackets of the
basis elements, which take the form
[Hi
j,Hk
l] = δjkHi
l − δliHk
j , [Hi
j ,Zk] = δ
j
kZi , [Zi,Zj ] = 0 . (45)
We can use the same basis (44) to expand the Cartan connection A in the form
A = ω + e = ωijHi
j + eiZi , (46)
using the notation introduced in the previous section. Similarly, we can expand the associated
vector fields A in the dual basis, which is reflected by the notation
A
(
hijHi
j + ziZi
)
= hijωi
j + ziei . (47)
We will use these basis expansions throughout the remainder of this section.
We now turn our focus from the structure of the affine Lie algebra to the geometry of the
frame bundle P = GL(M). In particular, we are interested in its vertical tangent spaces and the
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one-forms µx ∈ Ω
1(Px, h) induced by the Maurer-Cartan form µ ∈ Ω
1(H, h), which are relevant
for the definition of a Cartan geometry, as stated in section IIC. Using the notations above and
the induced coordinates (xa, fai ) on P introduced in section II B the induced one-forms µx and the
fundamental vector fields H˜i
j are given by [42]
µx = f
−1i
adf
a
jHi
j and H˜i
j = fai ∂¯
j
a . (48)
Using these expressions, is helpful to express the conditions C2 and C3 on the Cartan connection
A, as well as the conditions C2’ and C3’ on the associated vector fields A in coordinates for later
use. The conditions C3 and C3’ then take the form
ei(∂¯ja) = 0 , ω
i
j(∂¯
k
a) = δ
k
j f
−1i
a and ωi
j = fai ∂¯
j
a . (49)
The conditions C2 and C2’ can most easily be expressed in differential form. Condition C2 then
takes the form
L
H˜i
jω = −ω
j
kHi
k + ωkiHk
j , L
H˜i
je = −e
jZi , (50)
while condition C2’ reads
L
H˜i
jωk
l = δjkωi
l − δliωk
j , L
H˜i
jek = δ
j
kei . (51)
Of course this form is sufficient only if H is connected, which is not the case for H = GL(n,R).
It is possible to circumvent this problem by considering only the oriented frame bundle GL+(M)
equipped with a Cartan geometry modeled onG+/H+ = Aff+(n,R)/GL+(n,R), but this is possible
only if M is orientable. In the more general, non-orientable case one may simply demand that in
addition to the differential form of conditions C2 and C2’ as given above also their original form
holds for one (and hence for any) reflection.
B. Symmetries of affine connections
After discussing general properties of the affine model geometry we now briefly discuss the re-
lation between Cartan geometries modeled on this Klein geometry and affine connections on M ,
whose role in gravitational physics dates back to early attempts to unify gravity and electrodynam-
ics [3–5]. Note that there are different ways to describe an affine connection. The most widely used
description in gravitational physics is given in terms of a Koszul connection, or covariant deriva-
tive ∇ acting on tensor fields, or more generally speaking on sections of a vector bundle which
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is associated to the frame bundle [16]. In the context of gauge theories, however, a description
in terms of a principal GL(n,R) connection form ω ∈ Ω1(P, h) on the frame bundle P = GL(M)
is more common [39]. For obvious reasons, we can immediately identify this principal connection
with the h-valued part ω of the Cartan connection on P , since the defining properties of a principal
connection are exactly conditions C2 and C3, restricted to ω. Conversely, any principal GL(n,R)
connection ω on the frame bundle together with the solder form e given in equation (42) yields a
Cartan connection A = ω + e on P . One easily checks that A satisfies all conditions on a Cartan
geometry.
Since in section IIA we have introduced the notion of symmetry for a connection in terms of
a covariant derivative ∇ with connection coefficients Γabc, we briefly review the relation of this
description to the formulation as a principal bundle connection ω, starting from the covariant
derivative side. Let γ : R → P be a curve on P and z ∈ z. Then γz : R → TM, t 7→ γ(t)(z) is a
curve on TM , which we can also regard a vector field defined on the projected curve π ◦ γ on M .
We can take the covariant derivative of this vector field along the curve and use the inverse frames
(γ(t))−1 to map the result of this operation back to z. Finally, we define ω(γ′(t)) as the unique
element of h such that
ad(ω(γ′(t)))(z) = (γ(t))−1
(
∇(π◦γ)′(t)γ(t)(z)
)
(52)
for all z ∈ z. Using the basis expansion (44) and the induced coordinates on the frame bundle
introduced in section IIB the coordinate expression of the Cartan connection then takes the simple
form
ei = f−1iadx
a , ωij = f
−1i
adf
a
j + f
−1i
af
b
jΓ
a
bcdx
c , (53)
which are the well-known expressions for the solder form and the connection form of an affine
connection on the frame bundle [42]. The associated vector fields are given by
ei = f
a
i
(
∂a − f
b
jΓ
c
ba∂¯
j
c
)
, ωi
j = fai ∂¯
j
a , (54)
where the former are the standard horizontal vector fields, and the latter the fundamental vector
fields on the frame bundle [42].
The opposite direction of this construction is done as follows. Consider the exterior covariant
derivative dω, whose action on a general H-equivariant horizontal k-form α on P with values in a
representation vector space V with representation ρ : H → GL(V ) is given by
dωα = dα+ ρ∗(ω) ∧ α , (55)
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and yields a H-equivariant V -valued horizontal (k+1)-form dωα. Here, the term horizontal means
that these forms vanish on vertical vectors. Note that ρ∗ : h → gl(V ), so that ρ∗(ω) is a one-
form on P with values in gl(V ), which can thus applied to a V -valued k-form α. To relate this
exterior covariant derivative to a covariant derivative on M , let X be a vector field on M and
define X¯ : P → z as X¯(p) = p−1(X(π(p))). This is a H-equivariant z-valued (and vacuously
horizontal) zero-form on P , so that we can apply the exterior covariant derivative dω. Further, let
Y be another vector field on M and Y H its horizontal lift to P , i.e., the unique vector field on P
such that Y ◦ π = π∗ ◦ Y
H and ω(Y H) = 0. Then Z¯ = (dωX)(Y H) with Z¯(p) = p−1(Z(π(p)))
for another vector field Z on M . This vector field is the covariant derivative Z = ∇YX. The
connection coefficients follow by taking the coordinate vector fields ∂a in place of X and Y . A
simple calculation shows that
Γabc = dx
a(∇∂c∂b) = f
a
i f
−1j
bω
i
j(∂c) . (56)
Note that the right hand side of this equation apparently depends on the fiber coordinates fai on P ,
while the left hand side depends only on the manifold coordinates xa on M . However, the explicit
dependence on fai on the right hand side are exactly compensated by the equivariance (and thus
implicit dependence on fai ) of ω
i
j , so that the right hand side is constant along the fibers of P and
thus defines a function on the manifold M .
With these relations we now come to the central proposition of this section, which we formulate
as follows.
Proposition 2. A Cartan geometry (π : P → M,A) modeled on the affine Klein geometry is
invariant under a vector field ξ on M if and only if the corresponding affine connection ∇ is
invariant under ξ, LξΓ = 0.
Proof. First, observe that P = GL(M), so that the complete lift ξ¯ of any vector field ξ to GL(M)
is trivially tangent to P . Further, the solder form e is invariant under ξ¯, as shown in section IIIB.
We therefore only need to prove that ω is invariant under ξ¯ whenever ∇ is invariant under ξ and
vice versa. We can do so by direct calculation of the Lie derivative. From equation (53) we find
Lξ¯ω
i
j = Lξ¯(f
−1i
adf
a
j + f
−1i
af
b
jΓ
a
bcdx
c) = f−1iaf
b
j (LξΓ)
a
bcdx
c , (57)
which proves the first part of the proposition. The proof of the second part of the proposition
follows from equation (56). Its Lie derivative is given by
(LξΓ)
a
bc = f
a
i f
−1j
b(Lξ¯ω
i
j)(∂c) , (58)
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where the relations (49) and (50) enter the calculation of the right hand side.
This proof concludes our rather illustrative discussion of affine Cartan geometries. Making use
of the constructions detailed in this section we can now discuss the symmetries of other model
geometries more often encountered in gravitational physics, and of orthogonal Cartan geometries
in particular. This will be done in the following section.
V. ORTHOGONAL CARTAN GEOMETRIES
After discussing the general construction relating spacetime symmetries of an affine connection
and its Cartan geometry we now come to the special case of metric compatible connections, which is
the most common case in theories of gravity. These can most conveniently be described by Cartan
geometries modeled on the orthogonal Klein geometry, which we briefly review in section VA. We
then discuss different geometries based on this model. The most general geometry of this type is
Riemann-Cartan geometry, which we discuss in section VB. Two more specialized examples will be
Riemannian geometry discussed in section VC and Weizenbo¨ck geometry discussed in section VD.
A. The orthogonal model geometries
The Cartan geometries we discuss in this section can be modeled on any of the following three
Klein geometries G/H, where G and H are the groups
G =


O(m,n+ 1) for Λ = 1
IO(m,n) for Λ = 0
O(m+ 1, n) for Λ = −1
, H = O(m,n) , (59)
where IO(m,n) = O(m,n)⋉Rm,n is the generalized Poincare´ group. Here we introduced a param-
eter Λ ∈ {−1, 0, 1}, which indicates the scalar curvature of the corresponding homogeneous space
G/H, and can be interpreted as (the sign of) the cosmological constant [32]. This interpretation
becomes clear for the case m = 1, n = 3 conventionally encountered in gravitational physics. In
this case the homogeneous spaces of the models listed above are de Sitter space, Minkowski space
and anti de Sitter space, respectively. Each of these spaces is equipped with a metric η of signature
(m,n), whose sign we choose so that we have m times “−” and n times “+”. All models are
reductive, so that the Lie algebras g split in the form g = h ⊕ z into subrepresentations of the
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adjoint representation of H on g. This split allows us to expand a ∈ g in the form
a = h+ z =
1
2
hijHi
j + ziZi , (60)
where Hi
j are the generators of h and Zi are the generators of translations, which span z. We
introduced a factor 12 here for convenience. Note that h is always a subalgebra of g, while z is a
subalgebra only for Λ = 0. This can also be read off from the Lie algebra relations, which take the
form
[Hi
j ,Hk
l] = δjkHi
l − δliHk
j + ηikη
lmHm
j − ηjlηkmHi
m , (61)
[Hi
j,Zk] = δ
j
kZi − ηikη
jlZl , [Zi,Zj ] = ΛηikHj
k ,
making use of the parameter Λ.
Before we discuss Cartan geometries based on this model Klein geometry, we make a few general
statements on the structure of the admissible frame bundle P ⊂ GL(M). Note that z is naturally
equipped with a metric η(Zi,Zj) = ηij , which is invariant under the adjoint representation of H.
Since the group action of h ∈ H on a frame p ∈ Px, which is a linear bijection p : z → TxM
with x = π(p) ∈ M , is given by the adjoint representation Rhp = p ◦ Ad(h) as a consequence of
the construction detailed in section IIIA, it follows that TxM is equipped with a non-degenerate
metric g(., .) = η(p−1(.), p−1(.)) of signature (m,n), which is invariant under the action of H on
P and thus independent of the choice of p ∈ Px. This turns M into a metric manifold. It follows
further that P agrees with the orthonormal frame bundle, which can be written as
P = O(M,g) =
⋃
x∈M
{linear isometries p : z→ TxM} ⊂ GL(M) . (62)
Using the coordinates (x, f) introduced in section II B it follows that
(x, f) ∈ P ⇔ fai f
b
j gab(x) = ηij . (63)
We will use the coordinates (xa, fai ) also to denote elements of P , taking into account that only
those frames are admissible which satisfy the condition given above. We finally remark that in the
case Λ = 0 corresponding to the group G = IO(m,n) the algebra relations are invariant under a
rescaling Zi 7→ λZi, so that the metric η and thus also g are determined only up to a constant
factor.
We now come to the description of Cartan geometries on the orthonormal frame bundle. Using
the component expansion introduced above, we write the Cartan connection as
A = ω + e =
1
2
ωijHi
j + eiZi , (64)
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while the associated vector fields take the form
A
(
1
2
hijHi
j + ziZi
)
=
1
2
hijωi
j + ziei . (65)
Note that we used the same factor 12 here which we introduced in the expansion (60) and which
we did not use in the corresponding definitions (46) and (47) for the affine model. The one-forms
µx ∈ Ω
1(Px, h) induced by the Maurer-Cartan form µ ∈ Ω
1(H, h) and the fundamental vector fields
H˜i
j of the generators Hi
j are given by
µx =
1
2
f−1iadf
a
jHi
j and H˜i
j = fai ∂¯
j
a − ηikη
jlfal ∂¯
k
a . (66)
Making use of these expressions, we can write the conditions C3 and C3’ in the form
ei(∂¯ja − ηmkη
jlf−1ma f
b
l ∂¯
k
b ) = 0 , ω
i
j(∂¯
k
a − ηnlη
kmf−1naf
b
m∂¯
l
b) = δ
k
j f
−1i
a − ηjlη
ikf−1la (67)
and
ωi
j = fai ∂¯
j
a − ηikη
jlfal ∂¯
k
a . (68)
Here we have written the vertical vector fields on P in the form ∂¯ja − ηmkη
jlf−1ma f
b
l ∂¯
k
b . Note that
we cannot simply use the coordinate vector fields ∂¯ja, as these are not tangent to P . We finally
express the conditions C2 and C2’ in differential form. Condition C2 then reads
L
H˜i
jω = −
1
2
(
ωjkHi
k − ωkiHk
j + ωklηikη
lmHm
j − ωklη
jlηkmHi
m
)
,
L
H˜i
je = −e
jZi + e
kηikη
jlZl , (69)
while condition C2’ is given by
L
H˜i
jωk
l = δjkωi
l − δliωk
j + δikδ
lmωm
j − δjlδkmωi
m , L
H˜i
jek = δ
j
kei − δikδ
jlel . (70)
As we also remarked regarding the affine model geometry at the end of section IVA, the differential
conditions given above are sufficient only if H is connected, and otherwise must be supplemented
with the original conditions C2 and C2’ as given in section IIC.
B. Symmetries for Riemann-Cartan spacetimes
We now come to the description of particular spacetime geometries based on the model geometry
detailed in the previous section, and to their symmetries formulated in the language of Cartan
geometry. The first and most general example we discuss here is Riemann-Cartan spacetime,
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which provides the geometric background of Einstein-Cartan theory [6–14], and which we define as
follows. Let M be a manifold of dimension m+n equipped with a metric g of signature (m,n) and
a metric compatible connection ∇. The connection coefficients of ∇ then take the general form
Γabc =
1
2
gad(∂bgdc + ∂cgbd − ∂dgbc − gbeT
e
cd − gceT
e
bd) +
1
2
T acb , (71)
where T abc is the torsion tensor (12). Note that in contrast to Riemannian geometry, where the
torsion-free Levi-Civita connection is chosen, the connection of Riemann-Cartan geometry has in
general non-vanishing torsion.
The geometry of Riemann-Cartan spacetime can now easily be written in terms of a Cartan
connection modeled on the orthogonal Klein geometry displayed in the preceding section. Let
P = O(M,g) denote the orthogonal frame bundle defined by the metric g. The metric compatible
covariant derivative with coefficients (71) gives rise to a connection ω ∈ Ω1(P, h), where h is the
Lie algebra of the Lorentz group. Together with the solder form e on P , ω combines into a Cartan
connection. This construction is the same is displayed already in section IVB, so we do not repeat
it here, and simply display the basis expressions for the Cartan connection
ei = f−1iadx
a , ωij = f
−1i
adf
a
j + f
−1i
af
b
jΓ
a
bcdx
c , (72)
and the associated vector fields
ei = f
a
i
(
∂a − f
b
jΓ
c
ba∂¯
j
c
)
, ωi
j = fai ∂¯
j
a − ηikη
jlfal ∂¯
k
a . (73)
Conversely, every Cartan connection can be written in terms of a metric and a metric compatible
connection. As we have argued in section VA, the admissible frame bundle P ⊂ GL(M) of an
orthogonal Cartan geometry determines a metric g on M such that P = O(M,g). Finally, the
h-valued part ω of the Cartan connection is a principal connection on P , and thus gives rise to
a metric compatible connection on M . The metric and the connection coefficients obtained from
this construction take the form
gab = ηije
i(∂a)e
j(∂b) , Γ
a
bc = dx
a(∇∂c∂b) = f
a
i f
−1j
bω
i
j(∂c) . (74)
We make use of these relations to prove the following proposition.
Proposition 3. A Cartan geometry (π : P → M,A) modeled on the orthogonal Klein geometry
is invariant under a vector field ξ on M if and only if the metric and torsion of the associated
Riemann-Cartan geometry are invariant, Lξg = 0 and LξT = 0.
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Proof. Recall from the definition in section IIIB that a first-order reductive Cartan geometry
(π : P →M,A), where P is a subbundle of the frame bundle of M , is invariant under ξ if and only
if the complete lift ξ¯ of ξ to the frame bundle is tangent to P and preserves the Cartan connection,
Lξ¯A = 0. In the case of orthogonal Cartan geometries discussed here we have already seen that
there exists a one-to-one correspondence between non-degenerate metrics on M and choices of the
admissible frame bundle P . It follows from the relation (63) that ξ¯ is tangent to P if and only if
0 = ξ¯(fai f
b
j gab) = f
a
i f
b
j (ξ
c∂cgab + ∂aξ
cgcb + ∂bξ
cgac) = f
a
i f
b
j (Lξg)ab , (75)
and thus if and only if Lξg = 0.
We finally need to show that, given that equation (75) is satisfied, the torsion is invariant under
ξ if and only if A is invariant under ξ¯. A direct calculation of Lξ¯ω in terms of LξΓ, in analogy to
the proof of proposition 2, shows that A is invariant under ξ¯ if and only if LξΓ = 0. Finally, from
equation (71) one derives
(LξΓ)
a
bc = −
1
2
gaegfd(Lξg)ef (∂bgdc + ∂cgbd − ∂dgbc − gbeT
e
cd − gceT
e
bd) +
1
2
(LξT )
a
cb +
1
2
gad
· [∂b(Lξg)dc + ∂c(Lξg)bd − ∂d(Lξg)bc − (Lξg)beT
e
cd − (Lξg)ceT
e
bd − gbe(LξT )
e
cd − gce(LξT )
e
bd] ,
(76)
which vanishes if Lξg = 0 and LξT = 0. Conversely, if LξΓ vanishes, it follows that also LξT
vanishes due to equation (12).
This concludes our discussion of Riemann-Cartan geometry. As we have seen, the notion of
symmetry of a Riemann-Cartan geometry translates into the language of Cartan geometry in
analogy to that of affine geometry discussed in the previous section.
C. Symmetries for Riemannian spacetimes
The most widely used subclass of Riemann-Cartan spacetime is Riemannian spacetime, which
is obtained by fixing vanishing torsion, so that the coefficients (71) of the connection ∇ reduce to
the Levi-Civita connection
Γabc =
1
2
gad(∂bgdc + ∂cgbd − ∂dgbc) . (77)
Despite its importance for gravitational physics, in particular for general relativity and related
theories [15, 16], we only briefly discuss symmetries of Riemannian spacetimes in this article, since
any statements we could make here follow immediately from the discussion of Riemann-Cartan
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spacetimes in the preceding section by setting T abc ≡ 0. For the Cartan geometry (π : P →M,A)
this is equivalent to the condition
F = dA+
1
2
[A,A] ∈ Ω2(P, h) , (78)
i.e., the z-valued part of the Cartan curvature F vanishes. Therefore, we only state the following
proposition:
Proposition 4. A torsion-free Cartan geometry (π : P →M,A) modeled on the orthogonal Klein
geometry is invariant under a vector field ξ on M if and only if the associated metric is invariant,
Lξg = 0.
Proof. This proposition follows immediately from proposition 3 for T = 0.
Thus, our formulation of symmetries in the language of Cartan geometry in particular includes
the well-known notion of symmetries of a Riemannian spacetime in terms of Killing vector fields.
D. Symmetries for Weizenbo¨ck spacetimes
The last example geometry based on the orthogonal model which we discuss here is Weizenbo¨ck
geometry. Although it has been used already by Einstein as the geometric background for his
teleparallel gravity theory [17], it has not received much attention until recently [12, 13, 18, 19].
In its classical form it is based on the assumption that spacetime is a parallelizable manifold M ,
so that it can be equipped with a global section of the frame bundle, the tetrad θ. The tetrad
defines a notion of distant parallelism, or teleparallelism, by providing a way to compare tangent
vectors to different points. The connection ∇ associated with this teleparallelism is the Weizenbo¨ck
connection with coefficients
Γabc = θ
a
i ∂cθ
i
b (79)
with respect to which the tetrad is constant. By construction it has vanishing curvature, but in
general non-vanishing torsion. The tetrad further defines a metric,
gab = θ
i
aθ
j
bηij , (80)
which is also constant with respect to the Weizenbo¨ck connection.
It should now be clear how to construct a Cartan geometry modeled on the orthogonal Klein
geometry from a given Weizenbo¨ck geometry. The admissible frame bundle is simply the orthogonal
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frame bundle P = O(M,g) defined by the metric g, while the Cartan connection A is derived from
the Weizenbo¨ck connection following equations (72), and (73) for the associated vector fields. It
should be noted that the Cartan geometry obtained from this construction does not change if we
apply a global (i.e., independent of the position in spacetime) Lorentz transform θia 7→ L
i
jθ
j
a with
constant L ∈ O(m,n) to the tetrad, since both the metric and the Weizenbo¨ck connection are
invariant under this transformation. Further, note that in this case the Cartan curvature satisfies
F = dA+
1
2
[A,A] ∈ Ω2(P, z) , (81)
i.e., the h-valued component of F , corresponding to the curvature of the Weizenbo¨ck connection,
vanishes. We remark that also more sophisticated constructions exist, which turn Weizenbo¨ck
geometry into a higher Cartan geometry, in the sense of 2-categories [19].
A less obvious construction is the derivation of a Weizenbo¨ck geometry from a given orthogonal
Cartan geometry (π : P → M,A). Using the same construction as given in section VB for
a Riemann-Cartan geometry, one obtains the metric g and the coefficients of the connection ∇
using equation (74). However, it is not possible to uniquely determine the tetrad from the Cartan
geometry, but only up to a global Lorentz transform. To see this, choose a tetrad θ(x) at some
point x ∈ M which is orthonormal with respect to the metric g, and use the connection ∇ to
define θ on all of M via parallel transport. Here we use the fact that the connection ∇ is flat, so
that the parallel transport does not depend on the chosen path. Since θ is covariantly constant by
construction,
0 = ∇aθ
i
b = ∂aθ
i
b − Γ
c
baθ
i
c , (82)
it follows immediately that ∇ is indeed the Weizenbo¨ck connection with coefficients (79), so that
we have constructed a Weizenbo¨ck geometry.
From the fact that a global Lorentz transform of the tetrad θ does not change the corresponding
Cartan geometry one can already deduce that the Cartan geometry is invariant under diffeomor-
phisms which change the tetrad by a global Lorentz transform. For the purpose of this article we
can thus state:
Proposition 5. The Cartan geometry (π : P → M,A) corresponding to a Weizenbo¨ck geometry
with tetrad θ is invariant under a vector field ξ if and only if ξ acts on θ as the generator of a
global Lorentz transform, i.e., such that (Lξθ)
i
a = λ
i
jθ
j
a with constant λ ∈ h = o(m,n).
Proof. A direct calculation shows that
(Lξg)ab = 2ηij(Lξθ)
i
(aθ
j
b) (83)
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and
(LξΓ)
a
bc = θ
a
i ∂c(Lξθ)
i
b + ∂cθ
i
b(Lξθ)
a
i = θ
a
i ∂c(Lξθ)
i
b − θ
a
i θ
d
j ∂cθ
j
b(Lξθ)
i
d , (84)
which both vanish if (Lξθ)
i
a = λ
i
jθ
j
a with constant λ ∈ o(m,n). Using proposition 3 it follows
further that also the corresponding Cartan geometry is invariant under ξ.
The proof of the converse direction proceeds similarly. Once again making use of proposition 3
it follows from the invariance of a Cartan geometry (π : P → M,A) under a vector field ξ that
also the metric g and connection ∇ of the corresponding Weizenbo¨ck geometry are invariant under
ξ. Further, recall that we have constructed the tetrad θ as the unique (up to a global Lorentz
transform) tetrad which is covariantly constant with respect to ∇ and orthonormal with respect to
g. Let t 7→ ϕt denote the one-parameter group of diffeomorphisms generated by ξ and θi = θ
a
i ∂a.
We then have
0 = ∇θjθi = ϕ−t∗ ◦ ∇ϕt∗◦θj(ϕt∗ ◦ θi) , (85)
since ∇ is invariant and θ is covariantly constant. Using the facts that ϕ−t∗ is a diffeomorphism
and that the vector fields ϕt∗ ◦θj span TM it follows that also ϕ
∗
t θ is covariantly constant. Further,
ϕ∗t θ is orthonormal with respect to ϕ
∗
t g = g. However, since θ is uniquely determined by these two
conditions up to a global Lorentz transform, it follows that also ϕ∗t θ and θ must be related by a
global Lorentz transform, (ϕ∗t θ)
i
a = L
i
j(t)θ
j
a. Differentiation with respect to t yields
(Lξθ)
i
a =
d
dt
Lij(t)
∣∣∣∣
t=0
θja = λ
i
jθ
j
a (86)
with constant λ ∈ o(m,n).
This result has an interesting implication: it shows that the notion of symmetry of Weizenbo¨ck
geometry, in the sense of proposition 5, is (in general) not invariant under local Lorentz transforms
of the form θia(x) 7→ θ
′i
a (x) = L
i
j(x)θ
j
a(x), although tetrads related by a local Lorentz transform
are usually considered to be physically equivalent. In particular, if θ is invariant under the diffeo-
morphisms generated by a vector field ξ, so that (Lξθ)
i
a = λ
i
jθ
j
a with constant λ ∈ o(m,n), then
θ′ is invariant if and only if
(
ξa∂aL
i
k + L
i
lλ
l
k
)
L−1kj = λ
′i
j , (87)
where λ′ ∈ o(m,n) is also a constant infinitesimal Lorentz transform. This is due to the fact that
only Lorentz transforms of this particular form leave the Weizenbo¨ck connection invariant. This
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observation might be relevant in the context of teleparallel gravity and its possible extensions,
where the construction of symmetric solutions is based on the choice of a suitable tetrad [46].
This remark concludes our discussion of Cartan geometries based on the orthogonal model
geometries, and of spacetime Cartan geometries in general. We have seen that we can express the
symmetries of the most common geometric descriptions of spacetime in terms of Cartan geometry.
In the remainder of this article we will see that Cartan geometry allows us to go further and
describe the symmetries of observer space in the same way as those of spacetime.
VI. OBSERVER SPACE CARTAN GEOMETRIES
The geometries we discussed in the previous two sections have in common that the base manifold
M was typically interpreted as spacetime. In this section we shift our perspective and consider
Cartan geometries whose base manifold can rather be interpreted as the space of physical observers,
and is hence called observer space; see [32] for a detailed discussion. This physical interpretation,
as well as the description of the geometry of observer space in terms of Cartan geometry, will
be discussed in section VIA. We will discuss symmetries of observer space in section VIB, and
in particular answer the question which diffeomorphisms of observer space can be interpreted as
diffeomorphisms of an underlying spacetime.
A. Cartan geometry on observer space
We start our discussion of observer space Cartan geometries with a heuristic construction of the
model Klein geometry, following [35]. Recall that the Cartan geometries displayed in the previous
sections were defined on bundles π : P → M , where we identified the base manifold M with
spacetime and the total space P with a suitably chosen admissible frame bundle. The first-order
reductive model Klein geometry G/H with Lie algebra g = h ⊕ z could then be interpreted such
that h describes infinitesimal transformations of an admissible frame at a fixed point of spacetime,
while z describes infinitesimal translations.
The basic idea behind our construction of an observer space model is to use the same interpre-
tation for the total space P of admissible frames and the same Lie group G as for the spacetime
model, but to choose a smaller subgroup K ⊂ H ⊂ G, which keeps not only the observer’s position
fixed, but also one component of the observer’s frame. This component can then be interpreted as
the time component of the frame, and thus as the observer’s velocity, while the remaining compo-
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nents are purely spatial. The action of K on P transforms only these spatial components and can
thus be interpreted as a spatial rotation. The orbits of this group action form the fibers of a fiber
bundle πˆ : P → O, whose base space O we call observer space. Its geometry can be described by a
Cartan geometry modeled on G/K. The aim of this section is to introduce a class of model Klein
geometries G/K which allow such an interpretation as observer space models, but to define them
without referring to the underlying spacetime manifold M . For this purpose we will employ the
following definition.
Definition 8 (Observer space model geometry). Let G be a Lie group and K ⊂ G a closed
subgroup. We call the Klein geometry G/K an observer space model if there exists a split
g = k⊕ y⊕~z⊕ z0 (88)
into subrepresentations of the adjoint representation of K ⊂ G on g such that z0 is one-dimensional
and [z0, y] = ~z, with the map y → ~z, y 7→ [z, y] for fixed, non-zero z ∈ z0 being an isomorphism of
representations of K.
It follows already from our definition that a Cartan geometry modeled on G/K is reductive.
In the following we further restrict ourselves to first-order Cartan geometries, which implies that
the adjoint representation of K ⊂ G on y and ~z must be faithful. Note that we do not require the
split (88) to be irreducible, as this will not be necessary for our purposes; however, for the example
we discuss in section VII it will indeed be irreducible.
Recall from the definition in section IIC that for a Cartan geometry (πˆ : P → O,A) the
restrictions Ap : TpP → g and Ap : g → TpP at each point p ∈ P are isomorphisms of vector
spaces. The split (88) therefore induces a similar split of each tangent space, and hence a split of
the tangent bundle TP . Further, since the split of g is invariant under the adjoint representation
of K and A is K-equivariant, the split of TP is invariant under the action of K on P . Thus, it
induces a similar split of TO. This is summarized by the following diagram for every p ∈ P .
k  _
Ap


⊕ y _
Ap


⊕ ~z  _
Ap


⊕ z0 _
Ap


= g _
Ap


RpP
πˆ∗

⊕ BpP _
πˆ∗


⊕ ~HpP _
πˆ∗


⊕ H0pP _
πˆ∗


= TpP
πˆ∗

0 Vπˆ(p)O ⊕ ~Hπˆ(p)O ⊕ H
0
πˆ(p)O = Tπˆ(p)O
(89)
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Arrows of the shape 

// // indicate that the corresponding linear maps are vector space
isomorphisms. It thus follows in particular that the subspaces of TpP have the same dimensions
as the corresponding subspaces of g at each point p, so that the subbundles of TP are of constant
rank. Note also that the subbundle RP agrees with the vertical tangent bundle of the bundle
πˆ : P → O, i.e., the kernel of πˆ∗ : TP → TO. We denote the projections to the subbundles V O,
~HO and H0O by
ΠV , Π ~H , ΠH0 , ΠH = Π ~H +ΠH0 . (90)
Since z0 is one-dimensional by our definition above, we can pick a non-zero element Z0 ∈ z
0 which
is unique up to rescaling. Via the map πˆ∗ ◦ A this element induces a section r of H
0O, which we
call the Reeb vector field. Further, it yields an isomorphism [Z0, •] : y→~z of representations of K.
This isomorphism finally yields a vector bundle isomorphism Θ : V O → ~HO.
We conclude this section by providing a physical interpretation for the split (88) and the objects
derived from our definition of an observer space model. The Lie algebra k ⊂ g corresponds to
infinitesimal transformations of the spatial frame components and thus takes the role of the algebra
of infinitesimal rotations. The corresponding bundle RP consists of tangent vectors to the fibers
of the bundle πˆ : P → O. The remaining subspaces of g, and thus the corresponding subbundles
of TP and TO are divided into boosts y, which change the observer’s velocity, and translations z,
which change his position and further split into a spatial part ~z and a temporal part z0, relative to
the observer’s velocity. Note that if the vertical subbundle V O is an integrable distribution, it can
be integrated to a foliation, whose leaf space can be identified with spacetime M . The physical
interpretation behind this case is that two observers o, o′ ∈ O can be regarded as being at the
same point x ∈M of spacetime (although possibly having different velocities), if and only if they
belong to the same leaf x of the foliation of O. However, we will not need this condition for our
constructions in this article, and thus also allow observer spaces for which V O is not integrable.
In this case, there is no physical notion of (absolute) spacetime, as there is no equivalence relation
of “being at the same point” between observers o, o′ ∈ O; however, one may define a notion of
relative or local spacetime [32].
A special role is assigned to the space z0, where Z0 is interpreted as the generator of time
translation. The vector fields A(Z0) ∈ Vect(P ) and r ∈ Vect(O) can be interpreted to govern the
time evolution of observers and their frames. The interpretation of Z0 as the generator of time
translation also enters the interpretations of y and~z, as well as the corresponding subbundles of TP
and TO, as boosts and spatial translations. The condition that [Z0, •] : y → ~z is an isomorphism
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means that the time evolution of an infinitesimal boost (i.e., a change of the observer’s velocity)
generates an infinitesimal spatial translation (i.e., a change in the observer’s position). This appears
to be a natural condition, and will in fact be necessary for our discussion of symmetries, as we will
see in the following section.
B. Symmetries for observer spaces
We now consider symmetries of Cartan geometries (πˆ : P → O,A) based on the model Klein
geometry G/K introduced in the preceding section. Since we are now dealing with a first-order
reductive Cartan geometry over the observer space O, also generators of symmetries will be vector
fields Ξ ∈ Vect(O). Any such vector field can of course be lifted to GL(O) as shown in section II B,
and thus be used to define symmetries as shown in section IIIB, where we now view P as a
subbundle of GL(O). However, we wish to focus on vector fields Ξ which can be interpreted by an
observer as generators of spacetime transformations. The following definition, which does not make
any reference to spacetime itself, but uses only the elements of observer space Cartan geometry
detailed in the previous section, is one of the central notions proposed in this article.
Definition 9 (Spatio-temporal vector field). We call a vector field Ξ on O spatio-temporal if its
boost component is the time derivative of the translation component,
ΠHLr(ΠHΞ) = ΘΠV Ξ , (91)
and the translation component does not change along boost directions,
ΠHLΥ(ΠHΞ) = 0 (92)
for all Υ ∈ Γ(V O).
These two conditions can be interpreted as follows. The vector field Ξ splits into horizontal and
vertical components ΠHΞ and ΠV Ξ, which change the observer’s position and velocity, respectively.
The Lie derivative Lr(ΠHΞ) = [r,ΠHΞ] consists of two components: a horizontal component
measuring the change of ΠHΞ along r and a vertical component measuring the non-integrability
of the horizontal distribution HO. Here we are only interested in the first part, and thus apply
the horizontal projection again. The result can be seen as the time derivative of the change of the
observer’s position. We compare it to the change of the observer’s velocity, which is modeled by
the vertical component ΠV Ξ. For this purpose we use the bundle isomorphism Θ : V O → ~HO.
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Note that we have applied the projection ΠH instead of Π ~H on the left hand side, implying that
the time translation component of Lr(ΠHΞ) should vanish.
The second condition has a similar interpretation. The Lie derivative LΥ(ΠHΞ) splits into a
horizontal part measuring the change of ΠHΞ along Υ and a vertical part measuring the converse.
Here we are only interested in the horizontal part. The condition then expresses that observers
undergo the same change of position by ΠHΞ if they are related to each other by a pure boost.
This condition becomes more clear if the vertical distribution V O can be integrated to a foliation,
whose leaf space is a smooth manifold M , with a surjective submersion π¯ : O → M . In this case
the vector field Υ generates a leaf-preserving one-parameter group t 7→ υt of diffeomorphisms of
O. The second condition then simply translates to
π¯∗ ◦ ΠHΞ = π¯∗ ◦ υt∗ ◦ΠHΞ , (93)
taking into account that the kernel of π¯∗ is the vertical subbundle. This means that π¯∗ ◦ ΠHΞ :
O → TM is constant on the leaves of the foliation, so that it defines a vector field on M , which is
interpreted as a generator of transformations of the spacetime manifold. However, we emphasize
again that we do not restrict our definition to the case of integrable vertical bundles, which is the
reason for using the Lie derivative to restrict only the local properties of Ξ.
This concludes our discussion of general observer space Cartan geometries and their symmetries.
The general construction detailed in this section will be applied to a particular example in the
following section, which also serves as a further illustration.
VII. ORTHOGONAL OBSERVER SPACE CARTAN GEOMETRIES
We now come to a particular class of observer space Cartan geometries in the sense of the
definition detailed in the previous section. This class relates to the general observer space model in
the same way as the orthogonal model discussed in section V relates to a general Cartan geometry
of spacetime, and will therefore also be called orthogonal. We start with a brief discussion of
the Lie groups used in the orthogonal observer space model and their Lie algebra structure in
section VIIA. We then briefly review how a Cartan geometry based on this model can be derived
from a Finsler spacetime geometry in section VIIB. We finally discuss the symmetries of Finsler
spacetimes in section VIIC.
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A. The orthogonal observer space model
The model Klein geometry we discuss in this section is closely related to the orthogonal model
introduced in section VA, where the Klein geometry G/H could be interpreted as a maximally
symmetric space equipped with a metric of signature (m,n). Here we restrict ourselves to metrics
with m = 1 time dimension and n = d spatial dimensions. Further, we do not divide G by the full
Lorentz group H, but only by the group K of spatial rotations. This model Klein geometry can
thus be summarized as follows.
G =


O(1, d + 1) for Λ = 1
IO(1, d) for Λ = 0
O(2, d) for Λ = −1
, H = O(1, d) , K = O(d) . (94)
Here G can be any of the three groups listed above, where we introduced a parameter Λ ∈ {−1, 0, 1}
indicating the scalar curvature of the corresponding Klein geometry G/H, which can be interpreted
as the cosmological constant on this maximally symmetric spacetime [32]. The Lie algebra g splits
in the form (88) into subrepresentations of the adjoint representation of K on g. This split is
related to the split g = h⊕ z by h = k⊕ y and z =~z⊕ z0. This allows us to write any element a ∈ g
in the form
a =
1
2
kµνKµ
ν + yµYµ + z
µZµ + z
0Z0 , (95)
where the generators of g satisfy the Lie algebra relations
[Kµ
ν ,Kρ
σ] = δνρKµ
σ − δσµKρ
ν + δµρδ
στKτ
ν − δνσδρτKµ
τ , [Kµ
ν ,Z0] = 0 ,
[Kµ
ν ,Yρ] = δ
ν
ρYµ − δµρδ
νσYσ , [Kµ
ν ,Zρ] = δ
ν
ρZµ − δµρδ
νσZσ , [Yµ,Yν ] = −δµρKν
ρ , (96)
[Yµ,Zν ] = δµνZ0 , [Yµ,Z0] = Zµ , [Zµ,Zν ] = ΛδµρKν
ρ , [Zµ,Z0] = ΛYµ .
These depend on the parameter Λ, and thus on the particular choice of a model geometry.
In order to discuss Cartan geometries based on these models, we first make a few remarks on
the structure of the admissible frame bundle, and apply the same construction as we did also for
the orthogonal spacetime geometries in section VA. Note that the space y⊕~z⊕ z0 is equipped with
a metric η of signature (1, 2d), such that η(Zi,Zj) = ηij, η(Yµ,Yν) = δµν and η(Zi,Yµ) = 0, which
is invariant under the adjoint representation of K ⊂ G. An admissible frame p ∈ Po ⊂ P over
o ∈ O, which is a linear map p : y ⊕~z⊕ z0 → ToO, thus defines a metric g(., .) = η(p
−1(.), p−1(.))
of the same signature (1, 2d) on O. This metric is independent of the choice of the frame p ∈ Po.
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Recall further from section VIA that an observer space Cartan geometry is equipped with a
unique split TO = V O + ~HO + H0O of the tangent bundle. The admissible frame bundle thus
turns out to be constituted by frames which respect the split of the tangent bundle, and which are
orthonormal with respect to the metric g.
To further discuss objects on the frame bundle, we introduce coordinates first on GL(O) and
then restrict them to P . Given coordinates (wA) on O, we can introduce coordinates (wA, vAi , v
A
µ )
on GL(O) such that a linear map v : y⊕~z⊕ z0 → ToO takes the form
v(Yµ) = v
A
µ ∂A , v(Zi) = v
A
i ∂A . (97)
Using these coordinates, restricted to P , we can now discuss the general properties of the Cartan
connection. First of all, we use the generators (96) to write the Cartan connection as
A = Ω+ b+ ~e+ e0 =
1
2
ΩµνKµ
ν + bµYµ + e
µZµ + e
0Z0 , (98)
while for the associated vector fields we write
A
(
1
2
kµνKµ
ν + yµYµ + z
µZµ + z
0Z0
)
=
1
2
kµνΩµ
ν + yµbµ + z
µeµ + z
0e0 . (99)
The one-forms µo ∈ Ω
1(Po, k) induced by the Maurer-Cartan form µ ∈ Ω
1(K, k) on the fibers of P
and the canonical vector fields K˜µ
ν of the generators Kµ
ν are given by
µo =
1
2
v−1µAdv
A
ν Kµ
ν =
1
2
v−1µAdv
A
ν Kµ
ν and K˜µ
ν = vAµ ∂¯
ν
A+v
A
µ ∂¯
ν
A− δµρδ
νσ(vAσ ∂¯
ρ
A+v
A
σ ∂¯
ρ
A) . (100)
Note that we have provided two different coordinate expressions for µo. Although they define
different one-forms on GL(O), either of them restricts to the same one-form on P . These coordinate
expressions are also consistent with the canonical vector fields, which are related to the one-forms
by µo(K˜µ
ν) = Kµ
ν . The particular form of the canonical vector fields given above comes from
the fact that rotations act both on the y-components vAµ and the ~z-components v
A
µ of a frame v.
Making use of these expressions, we can write the conditions C3 and C3’ in the form
ei(Ωµ
ν) = 0 , bρ(Ωµ
ν) = 0 , Ωρσ(Ωµ
ν) = δρµδ
ν
σ − ηνρη
µσ (101)
and
Ωµ
ν = vAµ ∂¯
ν
A + v
A
µ ∂¯
ν
A − δµρδ
νσ(vAσ ∂¯
ρ
A + v
A
σ ∂¯
ρ
A) . (102)
Finally, the conditions C2 and C2’ in differential form are given by
L
K˜µν
Ω = −
1
2
(ΩνρKµ
ρ −ΩρµKρ
ν +Ωρσηµρη
στKτ
ν −Ωρση
νσηρτKµ
τ ) , L
K˜µν
e0 = 0 ,
L
K˜µν
b = −bνYµ + b
ρηµρη
νσYσ , LK˜µν~e = −e
νZµ + e
ρηµρη
νσZσ , (103)
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and
L
K˜µν
Ωρ
σ = δνρΩµ
σ − δσµΩρ
ν + δµρδ
στΩτ
ν − δνσδρτΩµ
τ , L
K˜µν
e0 = 0 ,
L
K˜µ
νbρ = δ
ν
ρbµ − δµρδ
νσbσ , LK˜µνeρ = δ
ν
ρeµ − δµρδ
νσeσ . (104)
Here we used the fact that the vertical tangent bundle of P is spanned by the canonical vector
fields K˜µ
ν . With these properties at hand, we can now use the model geometry discussed above in
order to describe the geometry of Finsler spacetimes in the next section.
B. Finsler spacetimes in Cartan language
We now express the Finsler spacetime geometry detailed in section IID as an observer space
Cartan geometry modeled on G/K with G and K given in the definition (94). For this purpose
we follow the construction detailed in [35], which we briefly summarize here. We first define
the observer space O as the union of the future unit timelike shells defined in condition F5 in
section IID, whose elements correspond to the physical observer velocities,
O =
⋃
x∈M
Sx ⊂ TM . (105)
We then define a principal K-bundle π : P → O. It is most convenient to first define it as
a subbundle of the frame bundle GL(M), which we then identify with a subbundle of GL(O)
following the construction shown in section IIIA. Using the coordinates (xa, fai ) on the frame
bundle introduced in section II B we define
P =
{
(x, f) ∈ GL(M) | f0 ∈ O and g
F
ab(x, f0)f
a
i f
b
j = −ηij
}
(106)
with the canonical projection π(x, f) = (x, f0). Here g
F
ab denotes the Finsler metric. Using the
split (98) we can write the Cartan connection A ∈ Ω1(P, g) in the form
Ωµν = f
−1µ
a
[
dfaν + f
b
ν (F
a
bcdx
c + Cabcδy
c)
]
, bµ = f−1µaδy
a , ei = f−1iadx
a , (107)
where we wrote ya synonymously for the time component f0 of the frame f , which corresponds
to the observer’s velocity, and δya refers to the Berwald basis (28). F abc and C
a
bc denote the
coefficients of the Cartan linear connection (30). The corresponding associated vector fields take
the form
Ωµ
ν = faµ ∂¯
ν
a − δµρδ
νσfaσ ∂¯
ρ
a , bµ = f
a
µ
(
∂¯0a − f
b
jC
c
ab∂¯
j
c
)
, ei = f
a
i
(
∂a − f
b
jF
c
ab∂¯
j
c
)
. (108)
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In order to identify P with a subbundle of GL(O) we first introduce a suitable set of coordinates.
Let (xˆa, uα) be coordinates on O such that xa = xˆa and ya = ya(xˆa, uα). We can identify a frame
at o ∈ O with a linear map v : y⊕~z ⊕ z0 → ToO and introduce coordinates (xˆ
a, uα, vˆai , v˜
α
i , vˆ
a
µ, v˜
α
µ)
on GL(O) such that
v(Yµ) = vˆ
a
µ∂ˆa + v˜
α
µ ∂˜α , v(Zi) = vˆ
a
i ∂ˆa + v˜
α
i ∂˜α , (109)
where ∂ˆa and ∂˜α are the coordinate vector fields corresponding to the coordinates (xˆ
a, uα) on O.
Similarly, we write the inverse frames as
v−1(∂ˆa) = vˆ
−1µ
aYµ + vˆ
−1i
aZi , v
−1(∂˜α) = v˜
−1µ
αYµ + v˜
−1i
αZi . (110)
In these coordinates we can identify a frame (x, f) ∈ P over (x, f0) = (xˆ, u) ∈ O using the relations
vˆai = f
a
i , v˜
α
i = f
a
i δau
α , vˆaµ = 0 , v˜
α
µ = f
a
µ ∂¯au
α . (111)
For later use we also provide the components of the inverse frames v−1 in the same basis, which
are given by
vˆ−1ia = f
−1i
a , v˜
−1i
α = 0 , vˆ
−1µ
a = f
−1µ
b ∂˜αy
bδau
α , v˜−1µα = f
−1µ
a ∂˜αy
a . (112)
As a subbundle of GL(O) we can then express P as
P =
{
(xˆ, u, v) ∈ GL(O) | gFab(xˆ, u)vˆ
a
i vˆ
b
j = −ηij, vˆ
a
0 = y
a(xˆ, u), vˆaµ = vˆ
b
µ∂ˆby
a(xˆ, u) + v˜αµ ∂˜αy
a(xˆ, u),
vˆaµ = 0 and vˆ
b
i ∂ˆby
a(xˆ, u) + v˜αi ∂˜αy
a(xˆ, u) +Nab(xˆ, u)vˆ
b
i = 0
}
(113)
We could also express the Cartan connection A in terms of the new coordinates. However, it will
be more convenient to use the coordinates (x, f) on P and to use the newly introduced coordinates
only for objects which are naturally defined on GL(O).
C. Symmetries for Finsler spacetimes
We finally show how the relation between a Finsler spacetime and a Cartan geometry on its
observer space can be used to translate the notions of symmetry between these two different ge-
ometries. Recall that in section IID we called a vector field ξ on M a symmetry of the Finsler
spacetime if its canonical lift ξˆ to the tangent bundle TM leaves the fundamental geometry func-
tion L invariant, LξˆL = 0, essentially following the thorough discussion in [45]. The following
proposition connects this property to symmetries in the sense of Cartan geometry.
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Proposition 6. For a Finsler spacetime (M,L,F ) with induced observer space Cartan geometry
(π : P → O,A) there is a one-to-one correspondence between vector fields ξ ∈ Vect(M) inducing
symmetries of the Finsler function and vector fields Ξ ∈ Vect(O) leaving the Cartan geometry
invariant, and these vector fields Ξ are spatio-temporal.
Proof. The proof will proceed as follows. We will start from a vector field Ξ ∈ Vect(O) and
discuss under which circumstances its frame bundle lift Ξ¯ ∈ Vect(GL(O)) is tangent to P , which
is a necessary condition for being a symmetry of the Cartan geometry. We will show that in this
particular case it is also a sufficient condition, which means that a frame bundle lift Ξ¯ tangent to
P also leaves the Cartan connection A ∈ Ω1(P, g) invariant. We will then show that there exists
a unique vector field ξ ∈ Vect(M) inducing a symmetry of the Finsler function, whose tangent
bundle lift ξˆ ∈ Vect(TM) is tangent to O and restricts to Ξ on O. Conversely, we will show that
the tangent bundle lift ξˆ of any symmetry generator ξ of a Finsler spacetime restricts to a symmetry
Ξ of the Cartan geometry on O. We will finally show that Ξ is spatio-temporal. Note that it will
turn out to be convenient to prove these statements in a different order, but the content of the
proof will be the same as sketched here.
Let Ξ = Xˆa∂ˆa + X˜
α∂˜α be a vector field on O. Its lift Ξ¯ to the frame bundle GL(O) takes the
form
Ξ¯ = Xˆa∂ˆa + vˆ
b
i ∂ˆbXˆ
aDia + v˜
β
i ∂˜βXˆ
aDia + vˆ
b
µ∂ˆbXˆ
aD
µ
a + v˜
β
µ∂˜βXˆ
aD
µ
a
+ X˜α∂˜α + vˆ
b
i ∂ˆbX˜
αDiα + v˜
β
i ∂˜βX˜
αDiα + vˆ
b
µ∂ˆbX˜
αD
µ
α + v˜
β
µ∂˜βX˜
αD
µ
α ,
(114)
where ∂ˆa, ∂˜α,D
i
a,D
i
α,D
µ
a ,D
µ
α denote the coordinate vector fields corresponding to the coordinates
(xˆa, uα, vˆai , v˜
α
i , vˆ
a
µ, v˜
α
µ). For (x, u, v) ∈ P , where these coordinates are given by the identifica-
tion (111), we thus find
Ξ¯ = Xˆa∂ˆa + f
b
i ∂ˆbXˆ
aDia + f
b
i δbu
β ∂˜βXˆ
aDia + f
b
µ∂¯bu
β ∂˜βXˆ
aD
µ
a
+ X˜α∂˜α + f
b
i ∂ˆbX˜
αDiα + f
b
i δbu
β ∂˜βX˜
αDiα + f
b
µ∂¯bu
β ∂˜βX˜
αD
µ
α
= Xˆa∂ˆa + X˜
α∂˜α + f
b
i δbXˆ
aDia + f
b
µ∂¯bXˆ
aD
µ
a + f
b
i δbX˜
αDiα + f
b
µ∂¯bX˜
αD
µ
α .
(115)
In the following we rewrite the vector field Ξ in the form Ξ = Xa∂a + X¯
a∂¯a, which will be more
convenient for the remainder of the calculation. Note that the components in the different bases
are related by
Xˆa = Xa , X˜α = Xa∂au
α + X¯a∂¯au
α ⇔ Xa = Xˆa , X¯a = Xˆb∂ˆby
a + X˜α∂˜αy
a . (116)
We now pose the question under which circumstances the frame bundle lift Ξ¯ is tangent to P ⊂
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GL(O). This is the case if and only if all of the following conditions are met, which are derived
from the description (113) of P :
• From the condition vˆaµ = 0 follows
0 = Ξ¯(vˆaµ) = f
b
µ∂¯bXˆ
a = f bµ∂¯bX
a . (117)
Since the vectors f bµ∂¯b for fixed f
b
µ span a tangent space of the unit timelike shell Sx, it follows
that the components Xa must be constant on each such shell and may therefore depend only
on the coordinates (xa) on M . We will make use of this result to simplify the remaining
conditions.
• From the condition vˆa0 = y
a(xˆ, u) follows
0 = Ξ¯[vˆa0 − y
a(xˆ, u)] = f b0δbXˆ
a − Xˆb∂ˆby
a − X˜α∂˜αy
a = yb∂bX
a − X¯a . (118)
Here we have already replaced δbX
a = ∂bX
a using the preceding condition and fa0 = y
a. This
condition now uniquely fixes X¯a, and we will also use it as a simplification in the remaining
conditions. Together with the first condition it also shows that Ξ = Xa∂a+ y
b∂bX
a∂¯a is the
restriction of the tangent bundle lift ξˆ of a vector field ξ = Xa∂a ∈ Vect(M) to O. Further,
ξˆ must be tangent to O by the definition of Ξ, and must thus satisfy LξˆF = ξˆ(F ) = 0, since
the Finsler function F is constant on O. The same holds for the geometry function L.
• From the condition vˆaµ = vˆ
b
µ∂ˆby
a(xˆ, u) + v˜αµ∂˜αy
a(xˆ, u) follows
0 = f bµ
[
∂¯bXˆ
c∂ˆcy
a + ∂¯bX˜
α∂˜αy
a + ∂¯bu
α
(
Xˆc∂ˆc∂˜αy
a + X˜β ∂˜β ∂˜αy
a
)
− δbXˆ
a
]
= f bµ
(
∂¯bX¯
a − δbX
a
)
= f bµ (∂bX
a − ∂bX
a) ,
(119)
where the second line can be derived from the first line by evaluating ∂¯bX¯
a with the help
of the last relation (116), and the last equality follows from the first two conditions, so that
this condition is identically satisfied.
• From the condition gFab(xˆ, u)vˆ
a
i vˆ
b
j = −ηij follows
0 = fai f
b
j
(
Xˆc∂ˆcg
F
ab + X˜
α∂˜αg
F
ab + g
F
cbδaXˆ
c + gFacδbXˆ
c
)
= fai f
b
j
(
Xc∂cg
F
ab + y
d∂dX
c∂¯cg
F
ab + g
F
cb∂aX
c + gFac∂bX
c
)
= fai f
b
j (Lξˆg
F )ab .
(120)
This is simply the change of the Finsler metric gFab under a diffeomorphism of M generated
by the vector field ξ. This also vanishes as a consequence of the first two conditions, since
(Lξˆg
F )ab =
1
2
∂¯a∂¯b
(
LξˆF
2
)
= 0 , (121)
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using again the fact that the Finsler function is constant on O.
• From the condition vˆbi ∂ˆby
a(xˆ, u) + v˜αi ∂˜αy
a(xˆ, u) +Nab(xˆ, u)vˆ
b
i = 0 follows
0 = f bi
(
Xc∂cN
a
b + y
d∂dX
c∂¯cN
a
b − ∂cX
aN cb + ∂bX
cNac + y
c∂b∂cX
a
)
= f bi (LξˆN)
a
b ,
(122)
which can be derived in analogy to the previous condition by evaluating δbX¯
a using the
relations (116). The result we obtain here is the change of the coefficients Nab of the Cartan
non-linear connection under a diffeomorphism of M generated by the vector field ξ. This
vanishes as a consequence of the first two conditions, since
(LξˆN)
a
b =
1
4
∂¯b
{(
Lξˆg
F
)ap (
yq∂q ∂¯pF
2 − ∂pF
2
)
+ gF ap
[
yq∂q ∂¯p
(
LξˆF
2
)
− ∂p
(
LξˆF
2
)]}
,
(123)
which vanishes by the same arguments as above.
The conditions derived above can be summarized as follows: The frame bundle lift Ξ¯ is tangent to
P if and only if Ξ is the restriction to O of the tangent bundle lift ξˆ of a vector field ξ ∈ Vect(M)
generating a symmetry of the Finsler spacetime.
We still need to check that the Cartan connection A is invariant under the restriction of Ξ¯ to
P . For the components b and e this is trivially satisfied, since
b+ e = f−1µa ∂˜αy
a
(
duα − δbu
αdxˆb
)
Yµ + f
−1i
adxˆ
aZi
= vˆ−1µadxˆ
aYµ + v˜
−1µ
αdu
αYµ + vˆ
−1i
adxˆ
aZi + v˜
−1i
αdu
αZi ,
(124)
where we made use of the inverse frame components (112). This is the restriction of the solder
form on GL(O) to P , which is invariant under the frame bundle lift Ξ¯ of any vector field Ξ on O.
For Ωµν we finally find
LΞ¯Ω
µ
ν = f
−1µ
af
b
ν
[
(LξˆF )
a
bcdx
c + (LξˆC)
a
bcδy
c +Cabc(LξˆN)
c
ddx
d
]
. (125)
A lengthy but straightforward calculation shows that also (LξˆF )
a
bc and (LξˆC)
a
bc vanish due to
the fact that ξ is a symmetry of the Finsler spacetime. This result completes the proof that any
vector field ξ on M which leaves the Finsler geometry invariant uniquely corresponds to a vector
field Ξ on O which leaves the Cartan geometry invariant and vice versa.
We finally show that Ξ is spatio-temporal, and thus can be interpreted by observers as the
generator of a spacetime symmetry. For this purpose, note that on the observer space O of a
Finsler spacetime the operators ΠH , ΠV and Θ take the form
ΠH = δa ⊗ dx
a , ΠV = ∂¯a ⊗ δy
a and Θ = δa ⊗ δy
a , (126)
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and that the Reeb vector field is given by r = yaδa. With
ΠHΞ = X
aδa and ΘΠV Ξ = (y
b∂bX
a +NabX
b)δa (127)
we thus find
ΠHLrΠHΞ = ΠH [y
aδa,X
bδb] = ΠH(y
a∂aX
bδb +X
bNabδa + y
aXb[δa, δb])
= ya∂aX
bδb +X
bNabδa = ΘΠV Ξ . (128)
For a vertical vector field Υ = Y¯ a∂¯a on O we further find
ΠHLΥΠHΞ = ΠH [Y¯
a∂¯a,X
bδb] = Y¯
a∂¯aX
bδb = 0 . (129)
We thus see that Ξ is indeed spatio-temporal.
We have now finally shown that symmetries of a Finsler spacetime can uniquely be described
by spatio-temporal symmetries of the induced Cartan geometry on its observer space. This result
proves that our definition of symmetries of a Cartan geometry in section IIIB, together with our
definition of spatio-temporal vector fields in section VIB, provides a suitable generalization of the
notion of symmetry also for geometries which go beyond the classical picture of spacetime geometry.
VIII. CONCLUSION
In this article we have introduced three newly developed notions related to Cartan geometry and
symmetry. In particular, these notions are: 1. the symmetry, i.e., invariance under diffeomorphisms
generated by a vector field on the base manifold M , of a first-order reductive Cartan geometry
(π : P →M,A); 2. Cartan geometry on a general space of physical observers, characterized by their
positions and velocities; 3. vector fields on observer space generating diffeomorphism which can be
interpreted by an observer as transformations of an underlying, possibly local or relative spacetime.
We have proven a number of properties of these newly defined notions and their relations to other
physically relevant geometries, thereby obtaining the following results.
First, we have discussed our notion of symmetry of first-order reductive Cartan geometries.
Our definition essentially differs from the standard definition of (infinitesimal) automorphisms of
Cartan geometries by the fact that the latter are defined in terms of (infinitesimal) diffeomorphisms
of the total space P , whereas we consider (infinitesimal) diffeomorphisms of the base manifold
M . We have applied our definition to Cartan geometries based on two different model Klein
geometries, namely the affine and the orthogonal model geometries. We have proven that the
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standard notions of symmetry of affine, Riemann-Cartan and Riemannian geometries, all of which
can be formulated as first-order reductive Cartan geometries and have physical applications as
geometries of spacetime, fully agree with our newly defined notion, due to the fact that our notion
agrees with the invariance of the linear connections defined by those geometries. The latter also
holds true for Weizenbo¨ck geometry, where we have found the interesting consequence that the
corresponding notion of symmetry is not invariant under local Lorentz transformations of the
tetrad field.
Further, we have used our newly introduced definition of observer space Cartan geometries as
a starting point to prove that any such geometry (π : P → O,A) induces decompositions of the
tangent bundles TO and TP into constant rank subbundles, whose elements have a physical in-
terpretation as infinitesimal translations in time and space, boosts and rotations of an observer’s
frame, generalizing results obtained in [32]. We have then proven that the subbundles of TO
corresponding to boosts and spatial translations are related by a distinguished vector bundle iso-
morphism, which is unique up to a constant scale factor. These results allowed us to single out a
class of vector fields on O, whose physical interpretation is such that they preserve a certain notion
of local or relative spacetime, and which we therefore call “spatio-temporal”.
We have finally applied our definitions and results to Finsler spacetimes, which give rise to
observer space Cartan geometries as proven in [35]. As the main result of this application we
have proven that there is a one-to-one correspondence between spacetime vector fields generating
symmetries of the Finsler geometry and symmetries of the observer space Cartan geometry in
the sense of our newly introduced definition, and that the vector fields generating the latter are
automatically spatio-temporal.
In addition to being applicable to specific geometries giving rise to Cartan geometries, our con-
structions and findings presented in this article also have a number of potential future applications
for gravity theories based on Cartan geometry itself. Our definition allows us to construct general
Cartan spacetimes with a given symmetry, such as spherical or cosmological symmetry, and in
particular symmetric solutions to a given gravity theory. In practice, this amounts to choosing
a model geometry G/H and a principal H-bundle π : P → M , and to determining all g-valued
one-forms on P satisfying the conditions on a Cartan connection given in definition 1, which in
addition satisfy the invariance conditions given in definition 7 for a given set of vector fields on the
base manifold M . One may even think of a classification of Cartan spacetimes by their symmetries
along the lines of [34].
Even more interestingly, our findings allow us to go beyond the classical paradigm of an absolute
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spacetime, and consider the case that spacetime becomes relative to an observer instead. In this
situation, in which gravity may be modeled by Cartan geometry on the space of observers, we
can essentially apply the same notion of symmetry, augmented by an additional constraint on the
symmetry generating vector fields which ensures that they preserve the relative spacetime. Our
constructions therefore provide a possible answer to the question how to define solutions to gravity
theories on observer space with a certain (such as spherical or cosmological) symmetry, and make
it possible to find such solutions.
Apart from being relevant for gravity theories based on these geometries, there are also potential
future applications for matter field theories, which use Cartan geometry or any other geometry
mentioned above as a background. Here one may naturally ask the question what are the Noether
charges corresponding to the notion of symmetry we defined here. Following Noether’s theorem,
these can be derived by considering an action for matter fields on a Cartan geometric background
possessing suitable symmetry. In order to construct suitable matter field actions, the Cartan gauge
symmetry of the underlying geometrical background may serve as a guiding principle. We leave
the investigation of such matter couplings, following similar considerations as in [11] for metric
affine gauge theory, for future work.
ACKNOWLEDGMENTS
The author is happy to thank Friedrich Wilhelm Hehl for helpful comments. He gratefully
acknowledges the full financial support of the Estonian Research Council through the Postdoctoral
Research Grant ERMOS115 and the Startup Research Grant PUT790.
[1] E´. Cartan, Expose´s de ge´ome´trie, V.; Actualite´s scientifiques et industrielles, 194 (Hermann, Paris,
1935).
[2] R. W. Sharpe, Differential Geometry, Springer, New York, 1997
[3] A. Einstein, S. Preuss. Akad. Wiss. 1923 32.
[4] A. Einstein, S. Preuss. Akad. Wiss. 1923 137.
[5] A. S. Eddington, The Mathematical Theory of Relativity, University Press, Cambridge, 1924.
[6] E´. Cartan, C. R. Acad. Sci. Paris 174 (1922) 593.
[7] E´. Cartan, Annales Sci. Ecole Norm. Sup. 40 (1923) 325.
[8] T. W. B. Kibble, J. Math. Phys. 2 (1961) 212.
[9] D. W. Sciama, Rev. Mod. Phys. 36 (1964) 463 [Rev. Mod. Phys. 36 (1964) 1103].
44
[10] F. W. Hehl, P. Von Der Heyde, G. D. Kerlick and J. M. Nester, Rev. Mod. Phys. 48 (1976) 393.
[11] F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’eman, Phys. Rept. 258 (1995) 1 [gr-qc/9402012].
[12] M. Blagojevic´, Gravitation and gauge symmetries, IOP, Bristol, 2002.
[13] M. Blagojevic´ and F. W. Hehl, Gauge Theories of Gravitation : A Reader with Commentaries, Imperial
College Press, London, 2013.
[14] A. Trautman, in “Encyclopedia of Mathematical Physics”, vol. 2, ed. J.-P. Francoise, G. L. Naber and
Tsou S. T. Oxford; Elsevier, 2006, pp. 189-195 [gr-qc/0606062].
[15] A. Einstein, S. Preuss. Akad. Wiss. 1915 844.
[16] S. Carroll, Spacetime and Geometry - An Introduction to General Relativity, Addison Wesley, San
Francisco, 2004.
[17] A. Einstein, S. Preuss. Akad. Wiss. 1928 217.
[18] R. Aldrovandi and J. G. Pereira, Teleparallel Gravity : An Introduction, Springer, Dordrecht, 2013.
[19] J. C. Baez and D. K. Wise, Commun. Math. Phys. 333 (2015) 1, 153 [arXiv:1204.4339 [gr-qc]].
[20] D. Bao, S. S. Chern and Z. Shen, An introduction to Riemann-Finsler geometry, Springer, New York,
2000.
[21] I. Bucataru and R. Miron, Finsler-Lagrange geometry, Editura Academiei Romane, Bucharest, 2007.
[22] J. I. Horva´th, Phys. Rev. 80 (1950) 901.
[23] S. I. Vacaru, Int. J. Mod. Phys. D 21 (2012) 1250072 [arXiv:1004.3007 [math-ph]].
[24] S. I. Vacaru, arXiv:0707.1524 [gr-qc].
[25] S. I. Vacaru, in “Clifford and Riemann Finsler Structures in Geometric Mechanics and Gravity”, Ge-
ometry Balkan Press, 2006 [hep-th/0211068].
[26] C. Pfeifer and M. N. R. Wohlfarth, Phys. Rev. D 84 (2011) 044039 [arXiv:1104.1079 [gr-qc]].
[27] C. Pfeifer and M. N. R. Wohlfarth, Phys. Rev. D 85 (2012) 064009 [arXiv:1112.5641 [gr-qc]].
[28] C. Pfeifer, DESY-THESIS-2013-049.
[29] D. K. Wise, Class. Quant. Grav. 27 (2010) 155010 [gr-qc/0611154].
[30] D. K. Wise, SIGMA 5 (2009) 080 [arXiv:0904.1738 [math.DG]].
[31] S. Gielen and D. K. Wise, Phys. Rev. D 85 (2012) 104013 [arXiv:1111.7195 [gr-qc]].
[32] S. Gielen and D. K. Wise, J. Math. Phys. 54 (2013) 052501 [arXiv:1210.0019 [gr-qc]].
[33] D. K. Wise, J. Phys. Conf. Ser. 532 (2014) 012029 [arXiv:1310.1088 [gr-qc]].
[34] H. Stephani, D. Kramer, M. A. H. MacCallum, C. Hoenselaers and E. Herlt, Exact solutions of Ein-
stein’s field equations, University Press, Cambridge, 2003.
[35] M. Hohmann, Phys. Rev. D 87 (2013) 12, 124034 [arXiv:1304.5430 [gr-qc]].
[36] M. Hohmann, in “Mathematical structures of the Universe,” ed. M. Heller, M. Eckstein, S. Szybka;
Copernicus Center Press, Krakow, 2014, pp. 13-55 [arXiv:1403.4005 [math-ph]].
[37] M. Ostrogradski, Mem. Ac. St. Petersburg VI4 (1850) 385.
[38] D. J. Saunders, The Geometry of Jet Bundles, University Press, Cambridge, 1989.
45
[39] G. Giachetta, L. Mangiarotti and G. Sardanashvily, Advanced Classical Field Theory, World Scientific,
Singapore, 2009.
[40] A. Cˇap and J. Slova´k, Parabolic Geometries I, American Mathematical Society, Providence, 2009.
[41] B. McKay, arXiv:0802.1473 [math.DG].
[42] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Wiley, New York, London, 1963.
[43] I. Kola´rˇ, P. Michor and J. Slova´k, Natural Operations in Differential Geometry, Springer, Berlin, 1993.
[44] K. Yano and S. Ishihara, Tangent and Cotangent Bundles, Pure and Appl. Math. vol. 1, Marcel Dekker,
New York, 1973.
[45] Y. Tashiro, J. Math. Soc. Japan 11 (1959) 42.
[46] M. Krsˇsˇa´k and E. N. Saridakis, Class. Quant. Grav. 33 (2016) 115009 [arXiv:1510.08432 [gr-qc]].
